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PROPERTIES OF SOME SPECTRA OF SUPERPOSITION OPERATORS

SANELA HALILOVIC

ABSTRACT. We consider the nonlinear superposition operator F' in Banach spaces
of sequences /,,, generated by the function f(s,u). We analyze the Rhodius spectra
or(F) and the Neuberger spectra oy (F) of these operators F generated by the func-
tion
f(s,u) =a(s)+¢u),

where (a(s))sen is a sequence from [, (1 < p < co0), and ¢(u) is a continuous function
in R. Some connections between the property of the function ¢(«) and the correspond-
ing spectra og (F) and oy (F) are given in this paper. There are also a few examples
that verify proposed theorems.

1. INTRODUCTION

In this paper we consider the Rhodius and Neuberger spectra of superposition oper-
ators in Banach spaces [, (1 < p < o). The superposition operators have an important
place in many mathematical problems and also there are various applications in mathe-
matical physics, mathematical economics, mathematical biology and so on. Let f(s,u)
be a function defined on N xR with values in R. Given a function x = x(s), by applying
f, we get the function f(s,x(s)) and this function generates an operator F

F(x(s) = f(5,x(5)). (L.1)

This operator (1.1) is called the superposition operator, composition operator or Nemyt-
skii operator. We take x = x(s) a sequence from the /,, spaces of sequences (1 < p < ),
which are the Banach spaces equipped with the standard norm. It is known that the
spectrum of a linear operator has many useful properties. For nonlinear operators F, the
notion spectrum of F is a wider concept, based on the property of A/ — F being a regular
map.

For the class of all continuous operators F' on a Banach space X, denoted by €(X),
the following definition of Rhodius spectrum has been introduced.

Definition 1.1. For the continuous operator F : X — X the set

pr(F)={1€R: Al - F is bijective and (AI - F)~! € €(X)}
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is called the Rhodius resolvent set and
or(F) =R\ pr(F)
is the Rhodius spectrum.
Thus, a point A € R belongs to pg(F) if and only if A/ — F is a homeomorphism on

X. The Neuberger spectrum of nonlinear operators was proposed for €' (X), the class
of continuously Fréchet differentiable operators on Banach space X.

Definition 1.2. For an operator F : X — X, which is continuously Fréchet differen-
tiable, the Neuberger resolvent set is defined by
pn (F) = {1 €R: Al - F is bijective and (Al - F)™" € €' (X)}
and the set o (F) = R\ pn (F) is called the Neuberger spectrum of F.
A point A € R belongs to py (F) if and only if A7 — F is a diffeomorphism on X.
Some useful properties of these spectra are:

e If F is a linear operator = og(F) = on(F) = o (F),
o If FO=0= og(F) Con(F),
o If the underlying space is complex, then o (F) is nonempty.

More information about various nonlinear spectral theories can be found in [1]. The
conditions of acting, continuity and differentiability of the superposition operator in
Banach spaces [,, are given in the following three theorems from [2].
Theorem 1.1. Let 1 < p,q < oo. Then the following properties are equivalent:

e the operator F acts from [, to l,;

e there are functions a (s) € l, and constants § > 0,n € N, b > 0, for which

y24
If (s,u)| <a(s)+blula (s>n,|ul<6);
e for any € > 0 there exists a function a. € l, and constants 6¢,> 0,n¢ €N,

be >0, for which ||lae(s)ll4 < € and

P
|f(s,u)|<ae(s)+belula (s >ne,|ul <b8e).

Theorem 1.2. Let 1 < p,q < oo and let the superposition operator (1.1), generated by
the function f (s,u), acting from 1}, to l,. Then this operator is continuous if and only
if each of the functions is continuous for every s € N.

Theorem 1.3. Let 1 < p,q < oo and the operator F generated by the function f (s,u)
acting from 1, into l,. The operator F is differentiable at x € I, if and only if f;, (s,-)
is continuous at xq for almost all s € N.

2. MAIN RESULTS

The Rhodius and Neuberger spectra are defined for a continuous operator F, that is,
F € €(l},), so the function ¢(u) has to be continuous function on R.
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Theorem 2.1. Let the superposition operator F : 1, — [, be generated by the function
f(s,u) = a(s) + ¢(u), where (a(s))s is a sequence from the space [, (1 < p < 00). If
¢ (u) is a bijective function, then 0 € pr(F) and 0 ¢ og(F)

Proof. For A =0 the operator A1 — F becomes —F. If ¢(u) is a bijection then the func-
tions f(s,u) =a(s)+¢(u) and —f(s,u) = —a(s) — ¢(u) are bijective for every s € N. It
follows that the operator F, generated by f and the operator —F, generated by — f are
bijective. Since —f is a bijective function, it follows that its inverse (—f)~! exists and
it is also a bijective function. The function —f(s,u) is a bijective and continuous for
every s and hence (—f)~!(s,u) is a bijective and continuous function for every s. From
the Theorem 1.2 we conclude the operator (—F)~! generated by (—f)~! is a continuous
operator. So, we show that operator —F is bijective and (—F)~! € €(I p). 1t means that
OEpR(F)aHdOQO'R(F). O

The Neuberger spectrum is defined for F € €!(! p), so the function ¢(u) has to be
continuously differentiable on R. Then the derivative f;(s,u) = ¢’(u) is a continuous
function for all s € N and from Theorem 1.3 it follows the operator F is continuously
Fréchet differentiable.

Theorem 2.2. Let the superposition operator F : 1, — [, be generated by the function
f(s,u) =a(s)+¢(u), where (a(s))s is a sequence from the space I, (1 < p < c0). Let
¢ (u) be a bijective and continuously differentiable function.

a)If ¢’ (u) #0,Vu, then 0 € pn(F) and 0 ¢ on (F).

b) If there exists ugy such that ¢’ (ug) =0, then 0 ¢ pn (F) and 0 € on (F).

Proof. a) The function ¢(u) is a continuously differentiable function, so ¢’ (u) exists for
every u € R and it is a continuous function. Since the function ¢ is bijective, its inverse
¢~ ! exists and it is also bijective. If ¢’(u) # 0, Vu, then in virtue of the inverse function
theorem (see [6]), the ¢! is a differentiable function and

-1y _ 1
holds, where ¢(u) =y and ¢~ (y) = u.
We have f(s,u) = (a(s) +¢(u)); = ¢'(u) # 0 and
(F = 1 2)

N ACR ORI AN

This derivative (f~')! is continuous in u because ¢’(u) is a continuous function and
¢’ (u) # 0 for every u. That is why, according to the Theorem 1.3, (f~!)/, generates
a continuous operator (F~')’, i.e. (F7') e Q:l(lp). Then clearly, ((—f)~")! is also a
continuous function and (—F)~! € €!(/,,). In the proof of Theorem 2.1 we have already
shown that —F is a bijective operator and now we see that (-F)~! e €!(/ p)> S0 we have
proved that 0 € pn (F) and O ¢ on (F).

b) If there exists ug such that ¢’ (ug) = 0, then the function ¢~' is not differentiable
at yo = ¢(uo) and consequently, the partial derivatives (f~')/ and (-f~!)/ are not
continuously differentiable functions. Hence, (=F)~! ¢ €!(I p) and this means that
OépN(F)andOEO'N(F). O
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2.1. Examples

Here we give two examples of nonlinear superposition operators and their Rhodius
and Neuberger spectra, which illustrate and verify these theorems (Theorem 2.1 and
Theorem 2.2).

Example 2.1. Let the operator F : 1, — 1, be generated by the function

f(s,u) =a(s)+u", (2.3)
where n > 3 and n is an odd number. This function ¢(u) = u” is bijective. In [4] it was
found that og(F) = (0,00), so 0 & og(F). So, in this example we see that the function
¢ (u) is bijective and 0 ¢ or (F) and this confirms Theorem 2.1.
The Fréchet derivative of the operator F generated by (2.3), at xo = (x1,x2,...) along
h= (h], hz, .. ) is:

F'(xo)h = (nx’f_lhl,nx’f_lhg, s

In [3] we found oy (F) = [0,00), so 0 € on (F). Here, the function ¢(u) = u" is contin-
uously differentiable (¢’ (u) = n-u""'), but its inverse ¢~ (u) = {u is not differentiable

atu=0 ((qb‘l)’(u) = %Wél) In this case the function ¢(u) = u" is bijective and
u"-

@' (u) = n-u""'. Therefore, there exists ug = 0, such that ¢’ (uo) = ¢’(0) = 0. In virtue

of the Theorem 2.2 it follows that 0 € o (F). Hence, in this example Theorem 2.2 is

verified.
Example 2.2. Let the operator F : 1, — [, be generated by the function

f(s,u) =a(s)+ {u, (2.4)

where n > 3 and n is an odd number. This function ¢(u) = {fu is bijective and the
function f(s,u) is bijective for every s € N, so the operator F is bijective. In [4] we
Sfound that o (F) = (0,00), so 0 ¢ or(F). Hence,in this example the function ¢(u) =
{/u, (n-odd number) is bijective and 0 ¢ og (F) and it agrees with Theorem 2.1.

The Fréchet derivative of the operator F generated by (2.4), at xy = (x1,x2,...) along
h=(hy,hy,...)is:

1 1
F'(xo)h = hi, hoy...|.

nf,.n—1 nl,.n—1
n\/xl n\/xz

The function —f (s,u) is bijective and the operator —F is bijective. We have

—f(s,u) = —a(s) = Au

and
(=)' (s,u) = (—a(s) —uw)".
Let us find the partial derivative of (—f)~" with respect to the variable u
(N™Di=n-(cu=a@s)"™" - (-u=a(s)), = -n-(-u=a@s)"".  @25)
The function (2.5) is continuous for all s € N and from Theorem 1.3 it follows that

the operator (—=F)~" is continuously differentiable. Here we see that —F is a bijective
operator and (-F)~! € €(l,). Now from Definition 1.2 it follows 0 € pn (F) and 0 ¢
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on (F). In this case we have the function ¢(u) = {/u which is bijective and
, , 1 1
¢’ () = (Yu),, =~
n un
Therefore, from Theorem 2.2 it follows that 0 € pn(F) and 0 ¢ on(F). So, in this
example we also get the validation of Theorem 2.2.

- +0,VYu e R. (2.6)

3. CONCLUSION

In this paper we observe the class of superposition operators F : [, — [,,, generated
by the function f(s,u) = a(s) + ¢(u). We find out how the fact that the function ¢ (u)
is bijective affects the Rhodius and Neuberger spectra of the operator F, generated by
the function f(s,u). We conclude that it affects the corresponding spectra in regards
to whether og(F) and on(F) contain 0. In [5] we found that if the function ¢(u)
is not a bijection, then 0 € og(F) and 0 € on (F). Our further goal is to investigate
how some other properties of these spectra of nonlinear superposition operators, such
as closedness, boundedness etc, depend on the properties of their generating function

f(s,u).
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