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ABSTRACT. The T-palindromic quadratic eigenvalue problem (QEP) (1?B + AC +
A)x =0, with A, B,C e C"™", CT = C and BT = A, belongs to the structured quadratic
eigenvalue problems. These problems occur in solving fast train vibration problems.
Vibration is produced from the interaction between the wheels of trains and the rails
underneath. To solve these problems finite element packages can not be used, because
of poor accuracy. Standard methods for solving the T-palindromic QEPs are SDAs (the
structure-preserving doubling algorithms) methods. The structure of the T-palindromic
QEPs allows the improvement of SDAs methods.

1. INTRODUCTION

The T-palindromic quadratic eigenvalue problem (QEP)
(’B+AC+A)x=0, x #0, (1.1)

with A, B,C € C™", CT = C and BT = A, belongs to the structured quadratic eigenvalue
problems. For simpler notation, equation (1.1) can be written in the following form

(A +2A0+AT)x =0, x 20, (1.2)
where Ag = Ag. Let us define
P(2) = A2A; + A+ AT, (1.3)

These problems occur in solving fast train vibration problems. Vibration is produced
from the interaction between the wheels of trains and the rails underneath. Matrices
Ap and A; are dependent on some parameter w associated with the speed of the train.
The eigenvalues A are related to the vibration frequencies and the corresponding eigen-
vectors x reflect the shape of the vibration [5, 11]. Palindromic eigenvalue problems
are also used in many other applications such as surface acoustic wave filters, which
have wide application in the telecommunication industry. Additional applications of the
palindromic eigenvalue problems are given in the papers [1, 13]. The special structure
of the palindromic eigenvalue problem (1.2) gives specific spectrum properties that we
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will look back at. Transposing (1.2) implies an important reciprocity property of the
spectrum of the palindromic eigenvalue problem,

lea(P() = % e (P(1)), (1.4)

with o (-) denoting the spectrum, and the convention that O and oo are considered to be
mutually reciprocal. The polynomials

A+ AAg+ AT

and
viA; —vAg+ AT
define the same palindromic eigenvalue problem (v = —21).

Spectral symmetries for various types of palindromic eigenvalue problems are given
in the paper [13].

An excellent overview of the methods for solving the eigenvalue problems is given
in the papers [5, 6].

Finite element packages can not be used to solve these problems, due to their poor
accuracy. There are two well-known tools in literature for solving QEPs, linearization
and methods based on variational characterization. Applying linearization, we obtain
a generalized eigenvalue problem to which the QZ algorithm can be applied. The dis-
advantage of linearization is that the QZ algorithm does not preserve the palindromic
structure. To avoid this problem, in papers [2, 8, 13—16] a palindromic linearization of
the form

AZ+7ZT (1.5)
with .
Z= [A% AOA‘TAl (1.6)
1 1

was presented.

Standard methods for solving the T-palindromic QEPs are SDA (the structure pre-
serving doubling algorithms) methods [5]. The structure of the T-palindromic QEPs
allows improvement of SDA methods. In this paper, we will deal with the improvement
of this algorithm and its numerical stabilization.

The paper is organized in the following way: In Section 2 the basic idea of SDA
algorithms (SDA1 and SDA2) and deflation will be presented. In Section 3 new results
related to the stability of the algorithm will be considered. In Section 4 we applied some
properties of the T- quadratic eigenvalue problem in order to stabilize the algorithm. The
conclusion is given in Section 5.

2. STRUCTURE PRESERVING ALGORITHMS (SDA)

For greater transparency of the paper we will separate this section into two subsec-
tions: Deflation and SDA algorithms.
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2.1. Deflation

We have seen that eigenvalues 0 and co come in pairs in palindromic eigenvalue
problems. Numerical experiments in [5] show that there are below 1.5 % finite nonzero
eigenvalues whose absolute value belongs to the segment [10™'%,10'4]. Therefore de-
flation has great significance and let us look at it first.

The idea of deflation is to find infinite eigenvalues or those equal to O, that are a
consequence of the singularity of the matrix A1, and to suppress them (deflation) before
applying methods for calculating eigenvalues.

From the mathematical and physical model it is obtained that matrices A; and Ag
have the following form:

0 00 Cii Co O
A=[0 0 0[eC™” Ag=|C], Cn Cu|eC™",
L 0O 0 Cj, Cx
where
LeCh*m Cy=Cl eC" ™ Cy3=CL eCmXm Cy=Cl, eC
and

l=n—ny—ny.

Assume that Cy; is nonsingular. Let

I, —CiCy' 0 Ly 0 0
®@=|0 I 0, M={0 0 I,
0 -CLC5) I, 0 I, O

Using a similarity transformation, P(1) can be transferred to the following form

AC1 —-CCyIch)  LT-2C1C' Gz 0

ner()@'Mm” = |AL-CLCLCh) A(C-CLCCs) 0
0 0 ACx
= diag (I,,A1,,,.11) [S(O/l) /lCOQQ} ,
where ) . 3
s = |1 F |
and

Ci1 = C1 - CpCy' CL,
Cn= C12C2_21C23,
Cx = C33— 1,05 Cas.
23
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Lemma 2.1. Let [x7,yT]7 be an eigenvector of S(A). Then

X X
O |y| = |-C(Chx+Casy)
0 y

is an eigenvector of P(A). Furthermore, o-(P(1)) = 0(5(1)) U{0, c0}.

2.2. SDA algorithms

It is important to preserve the palindromic structure at all times. Therefore we use
the well-known SDA1 and SDA?2 algorithms. Let us look at the SDAT algorithm. The
equation (1.2) can be written in a factored form. By replacing the row-blocks, we obtain
that the pencil S(1) is equivalent to

/I[L 0 ]+[—C1T2 Ca

Ci —-Cn 0o LT| 1)

which is a generalized standard symplectic form. The structure-preserving doubling
algorithm SDAT1 can then be applied to solve the corresponding eigenvalue problem.

Let us introduce now the SDA2 algorithm. The T-palindromic pencil for nonsingular
X can be written in the following form:

P() = (A - X)X 'AX - AT) + A1 XTAT + X + Ao. (2.2)
The main idea is to write the T-palindromic pencil (2.2) in the factored form:
P(1) = (1A - X)X ' (ax - A]) (2.3)

for some nonsingular X if and only if X satisfies the following nonlinear matrix equation
with the plus sign:

Ax'AT + X+ 40=0. (2.4)

We apply the SDA algorithm on the equation (2.4), which preserves the structure of the
problem [4,7,9,10,12]. N 5
Assume that the matrix Cy; is invertible. Define S(A) as follows:

¢
0 I

I, 0

S(2) . (2.5)
C221C1T2 1"3

E/l(éll - LTCZ_ZI L—- 61262_21 C~'1T2) + LTéz_zl ész —/1612
AL Cr

and let [T, 57]T be an eigenvector of S(1), i.e.
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AL(C1 = LTCH' L-C1oC' CL)i - Cray] + LT Chy CLhx =0, (2.6)
ALF +Cpy =0. (2.7)
Since the matrix Cy; is invertible, from (2.7) ¥ can be represented as
§=-1C5'L%. (2.8)
Let us denote
Ag, =C1nCy L,
Adgy=Ci1 —LTC3'L-Cn G5, Cl,.
Suppose that X is nonsingular. Rewrite P4(A) as
Pg(1) = (AAg, - X)X ' (AX = Al )+ A(Ag, X' AL + X +Ay,).

Let us apply (2.3) and (2.4) on P4(A). It follows that P;(1) can be factorized (or
square-rooted) as

Py() = (AAq, - X)X (AX - A]),
for some nonsingular X if and only X satisfies the following nonlinear matrix equation
with the plus sign:
Ao, XT'AL + X+ A4 =0.

Algorithm 2.1. (SDA for Palindromic QEP)

Input: Cy1,Cr,C33,C12,Cy3, L; T (a small tolerance);
Output: an eigenpar (A, [xT,z7,y" ") of Palindromic QEP.
Compute

Ci1 =Ci - CCylcl,

Ciz = C12C5,) Ca3,

Cy = C33—CLC5)' Ca,

Ag, = é]zéz_zlL,

Ado = 611 - LTC:Z._ZIL - 61262_21 ész,

Set k =0,Ry = AdTl,Qk =—Ay, and Py =0,

Do until convergence:

Compute Ryy1 = Ri(Qr — P) ™' Ry,

Or+1 = Qi — R} (Qx — Pr) 'Ry,

Pii1=Pr+Ri(Qr—Pu) 'R, k=k+1;

If11Qk = Qr-1ll < Tl Qkll, Stop ;

End,;

Compute the left/right eigenpairs (1,,%s), (Au,Xr) of QrX = 1Ag,X;
Solve (4,Qk — AZ} )Xu = Okkrs

Set g =A%

Solve Cy§ = —ALE with (1,%) = (A4, %) or (1,%) = (A, %0);
Set x = X; Compute y = 6‘2_216'{2)? +y, 2= —C2_21(C1T2x +C2y);
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3. NEW IDEAS FOR IMPROVING THE STABILITY OF THE ALGORITHM

In addition to preserving the structure of the eigenvalue problem during the imple-
mentation of the algorithm, it is very important to pay attention to the stability of the
algorithm. The analysis of Algorithm 2.1 clearly shows the points at which the problem
may occur:

e invertibility of the matrix Qy — Py in the Algorithm 2.1;
o efficient preprocessing of problems when Cy; is ill-conditioned;
e efficient preprocessing of problems when L is ill-conditioned.

3.1. Invertibility of significant matrices
After deflation, the palindromic eigenvalue problem
(PPAgy+AAg,+ AL ) =0, v#£0 (3.1)

is considered, which is a lower dimension problem.

Itis clear that the singularity of the matrix A4, can cause a problem in Algorithm 2.1,
because for k =0, Q¢ = —Ag4,, Po =0, and the invertibility of the matrix Q¢ — P in the
first step of Algorithm 2.1 is required.

Let

Ady=0QA, 0"
be the Schur decomposition of a matrix Ag4,. Then A’d0 is a diagonal matrix. Elements

of the matrix A/do are eigenvalues of the matrix A,4,. Matrices Q and QT are orthogonal.
Without loss of generality let us assume that the first p elements on the diagonal of the
matrix A/d0 are zeros.

The equation (3.1) can be written in the following form

(PAgq +10A, Q" + AL )y =0. (3.2)
After multiplying (3.2) with QT on the left we obtain an equivalent eigenvalue problem

(PQTA4Q+AA, +QT AT 0)0"v =0, (3.3)

which is the T-palindromic eigenvalue problem, with eigenvector w = QTv = [Z} .

For simpler notation, the problem can be presented in the following form

(A°Bg, +ABgy+ Bl )w =0, (3.4)
respectively in the block matrix form
By, B
11 21
A [B"“ Bd”]m[o O |4 =0 (3.5)
Bay  Ba, 0 Bay, BT BT b
din dx

It is clear that we obtain the quadratic T-palindromic eigenvalue problem
(A*Bay, +ABgy, +BY )b =0,b #0.
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Suppose that a = 0 and that the eigenvector b satisfies
(A°Bg,, +B} )b =0.

In this case we obtain the T- palindromic eigenvalue problem of a lower dimension
then the one we were dealing with, and w is an eigenvector of the eigenvalue problem
(3.5).

It is also clear in the case that a is an eigenvector of the T-palindromic linear eigen-
value problem

T 2
B, a=-pBg,a, p=21°,
and b = 0 and the eigenvector a satisfies the additional condition

(A*Bg, +B} )a=0.

Thenw = [g} is an eigenvector of the T-palindromic quadratic eigenvalue problem (3.4).

If the Schur decomposition of the matrix A does not lead to the T-palindromic qua-
dratic eigenvalue problem of lower dimension or to the linear T-palindromic eigenvalue
problem of lower dimension, then in Algorithm 2.1 the singular matrix (—Ag4,)~' which
does not exist needs to be replaced with the pseudoinverse matrix (—Ag4,)*, which is the
best approximation of the inverse matrix.

If Oy and Py from Algorithm 2.1 have the property that Oy — Py is a singular matrix,
let us write

Ok - Pr = 0k (Qr - Pr) 01,

where (Qx —Px) is a diagonal matrix which has eigenvalues of the matrix (Qy — Py)
and the first s diagonal elements are equal to zero.
Respectively,

0 (Qr-Pr)’

where (Qf — Pk)” is an invertible diagonal matrix, which has eigenvalues of the matrix
(Q — Py) different from zero. In this case it is suggested to use the matrix

0 0 }
0 ((Qk-P)")7 |

instead of the matrix (Qx — Px)~! which does not exist.

(Ox—Py) = [0 0 ] ,

3.2. ill-conditioned Cy;
In Subsection 2.1
Ci1 =C11 - CCy' C,
Cip = C12Cyy Cns,
Cr = C33 - C,C5)' Ca3,
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were defined, where Cy; is invertible. If the matrix C»; is ill-conditioned, the calculation
of the inverse matrix C2‘21 is numerically unstable. In order to stabilize this process O R-
factorization with Givens rotation is used. Thus,

Cx =02 R2,
-1 _ p-1T
Gy =Ry, 05
It follows that

A 1 AT AT
Ci1 =C11 —Ci2R5, 05,C15,
Cio = CiaR5, 00,03,
Cr = C33— Co3R5, 03,Cos.

The algorithm cost is flops.
If QR-factorization shows instability, the matrix Cy; can be replaced by the pseu-
doinverse (Moore-Penrose inverse) C7,.

473
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3.3. ill-conditioned L

Numerical results prove that L is ill-conditioned. The conditional k(L) is equal to
_ M=t LX)l 1020,
minjjy =1 || Lx||

In previous papers, preconditioning was not performed. For larger dimensions pre-
conditioning must be done and our proposal is to apply Q R-factorization of the matrix
L.

4. APPLICATION OF SOME PROPERTIES OF SPECTRUM IN THE CASE OF
NUMERICAL INSTABILITY OF THE SDA ALGORITHM

In the previous section, we saw some of the classical ideas that can help to stabilize
Algorithm 2.1. In this section we consider some properties of the quadratic palindromic
eigenvalue problems, so we can replace the SDA?2 algorithm, in the case of some of the
above problems, with an appropriate algorithm for the linear eigenvalue problem, in the
sense of the following two theorems:

Theorem 4.1. If £1 ¢ o (P(Q)) then the eigenvector x of the palindromic eigenvalue
problem

(PAg +AAg,+ Al )x =0, A} = Agy, x #0, 4.1)
satisfies the equation

1
(1+ /—l)xTAdlx +xTAgyx = 0. (4.2)
Proof 4.1. Let us multiply the equation (4.1) with xT on the left. We obtain:
xT A g x+ T Agyx +xTACT11x =0. 4.3)
Thus for xTAdlx eC,
xTALTilx = (xTAdTlx)T,
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AL x=xT (AT DT =x"Ag x. (4.4)
From the equation (4.3) we have
PxTAgx+ T Agx+xTAg x = 0. (4.5)

If A is an eigenvalue, and x is the right eigenvector of the eigenproblem (4.3) then % is
an eigenvalue and xT is the left eigenvector of the eigenproblem (4.3). This means that

1 1
xT( ﬁAdl + ZAdo +A})=0. (4.6)

If we multiply the equation (4.6) on the right with the eigenvector x we obtain

1 1

ﬁxTAdlx + szAde +x"T Al x=0. (4.7)
According to (4.4) and (4.7) we get

1 1

ﬁxTAdlx + ZxTAde +xTAgx=0. (4.8)

Subtracting (4.8) from (4.5) we obtain

1 1
(2% - ﬁ)xTAdlx +(A- z)xTAdox =0,

respectively
(A- %) ((A+ %)xTAdlx +xTAd0x) =0.
Since A # +1,
(A+ %)xTAdlx +xT Agx =0. (4.9)
holds.

It is interesting that the following holds:
Theorem 4.2. If +i ¢ 0 (P(1)) then the eigenvector x of the palindromic eigenvalue

problem
(BPAg +AAg,+ Al )x =0, A} = Agy, x #0, (4.10)
satisfies the equation
1
(A+ Z)xTAdlx +xT Agx =0. 4.11)

Proof 4.2. In the Proof 4.1 it is proved that equations (4.5) and (4.8) hold. By adding
these two equations we obtain

(A2+2+ %)xTAdlx +(A+ /ll)xTAdox =0,
ie. | |
(A+ 71) ((A+ /—l)xTAdlx +xTAd0x) =0.
Since A # +i,
(1+ /ll)xTAd,x +xTAd0x =0
holds.
29
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Lemma 4.1. For the invertible matrix Ay, eigenvector of the linear eigenvalue problem
(A7 Ao)x = px (4.12)

satisfies the equation (4.9), where u = —(1+ %)
If matrix Aq, is non-invertible then the eigenvector of the linear generalized eigen-
value problem
Adox = _ﬂAdlx
satisfies the equation (4.9).

Lemma 4.2. The eigenvalue of the eigenvalue problem (1.2) is O respectively o if and
only if the matrix Ay is singular.

Since the deflation of the palindromic eigenvalue problem was done first, it is clear
that if the problem is reduced to a linear eigenvalue problem then it is not a generalized
eigenvalue problem. In this case we apply the first part of Lemma 4.1.

Proposition 4.1. If £1 ¢ 0 (P(A)) or +i ¢ o (P(Q)), the eigenvectors of the eigenvalue
problem (4.1) are obtained as eigenvectors of the linear eigenvalue problem (4.12) or
as a vector x which is normal to the vector

1
(A+ z)xAdlx +Agx =0.

Proposition 4.2. If the eigenvector of the eigenvalue problem (4.1) and eigenvalue prob-
lem (4.12) match, then the eigenvalue A of the problem (4.1) and it’s reciprocal eigen-
value % are obtained as solutions of the following equation

PR
Pl

where 1 is the eigenvalue of the problem (4.12).

Theorem 4.3. If the matrix A;ll can be diagonalized, then eigenvectors of the eigen-
value problem (4.1) are obtained according to Proposition 4.2.

Proof 4.3. Since the matrix Ad_ll is diagonalized its eigenvectors are linearly indepen-
dent and form the base of the space C". Thus, only the zero vector is normal to the
vector (A+ 1)xAgx + Agyx = 0.

Remark 4.1. In the case +1 € o-(P(1)) the deflation of eigenvalues is given in the paper
[13].

From the above it can be seen that in the case of the problem of the SDA?2 algorithm,
it is better to try to reduce the problem to a linear eigenvalue problem than to apply
classical stabilization methods.

5. CONCLUSION

In this paper important issues that can affect the convergence and stability of the
algorithm are discussed. In previous papers these problems were overcome by the com-
bination of SDA1 and SDA?2 algorithms. Significant improvements were obtained. Pre-
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conditioning of significant matrices was used, which is numerically better than the com-
bination of SDA1 and SDA?2 algorithms. Also, we improved the algorithm using some
significant properties of the spectrum of the T- quadratic palindromic eigenvalue prob-
lem. Thus the properties of the palindromic pencil and the QEP structure was preserved.
Further research: performing more extensive numerical tests, as well as the consider-
ation of problems of higher dimensions and expanding the consideration of spectrum
properties.
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