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ASYMPTOTIC BEHAVIOR OF NON-AUTONOMOUS COMPETITIVE
SYSTEMS OF DIFFERENCE EQUATIONS

MEHMED NURKANOVIC

Dedicated to the 75th birthday of our dear Professor Mirjana Vukovié¢

ABSTRACT. The problem of the behavior (convergence and stability) of the solutions
of non-autonomous systems of difference equations with asymptotically constant co-
efficients is still open. In previous research, the main interest was related to the results
on global attractiveness for some classes of non-autonomous competitive and cooper-
ative systems. In this paper, using those results and the same methods in the partial
ordering of the space R2, we prove the general theorem for any non-autonomous com-
petitive system with asymptotically constant coefficients. The obtained results are also
illustrated with concrete examples.

1. INTRODUCTION

An autonomous system of difference equations has constant coefficients, while a
non-autonomous system has variable coefficients (sequences). In this paper, we will
consider the behavior of non-autonomous competitive systems of difference equations
whose coefficients are asymptotically constant. This problem is still open and has yet
to have a general result covering all cases. Nevertheless, we will give such a result here
for the case of competitive systems. It relies on previously obtained results for some
general classes of these systems.

In [9] the following non-autonomous competitive systems whose coefficients are
asymptotically constant:

X, = [ X+l ]: [ anf (nsYn) ] n=0.1,..

Yn+1 bng (xnayn)
Xn
X+l an+Yyn
Xps1=| " | = , n=0,1,...,
n+l [ Vnal ] Vn
b, +x,
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AnXn

Xn+1 an+Yyn

X1 =| 7" | = , n=0,1,...,

m Yn+l1 ] Bnyn

by +x,

and the following non-autonomous Leslie-Gower model
AnXn
1+c Wy, +c(12)
Xps1 = no M n=01.2.

bpyn ’

14c@Dx, + 05122)))"

were considered, and a theorem of the form Theorem 2.1 was proved in that case. After
that, the corresponding Leslie-Gower evolutionary model with two Fisher’s equations
was considered separately.

Also, in [10] the following non-autonomous cooperative systems:

k .
1«
. . . [ £]=
x) = A, n=0,1,..5i=1,2,...k,
1+ JI x,(lj)
i#j=1
and
anXn bnyn
xn+l = + B
O01+xn O2+yn n=0.1
_CuXp | dpyn P
Yn+1 = +

(52 +Xn 51 +¥n |
were considered.

All obtained results are based on the behavior of the corresponding autonomous com-
petitive and cooperative systems. Regarding autonomous competitive and cooperative
systems, see [2-5,7,8, 11-15].

In this paper, we use the method of difference inequalities to prove global attractivity
results for two-dimensional competitive systems in [9]. The map F : R2 — R2, F =
(f,g) is called a competitive map if f is non-decreasing in the first variable and non-
increasing in the second variable, and g is non-increasing in the first variable and non-
decreasing in the second variable. However, the results in [9] are two-dimensional, and
it is not clear how to extend them to the k-dimensional case for k > 2.

Also, we will use the so-called "north-east” partial ordering of the space R2, defined
it in the following way:

MO (1)

2 2
X, = (2) Sne Yn = y?Z) — (X,(ll) < yill) and x’(1 ) = yil )) ’
| Xn | | Yn

and the so-called “’south-east” partial ordering of the space R2 defined by

[ () [ (D) ]
xn
Xo=| Ty [SseYa=| Ty ¢==(xy)sy$)am1xg)2yfu-
xn yi’l

If we replace ”<” and ”>" with ”<” and ”>" in the above relations, then ’<X” also
changes to ”<”.
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2. MAIN RESULTS
In [9], the following lemma is proved.
Lemma 2.1. ( /9], Lemma 1) Assume that
a)F:R2 -R2,F= [ § ] is a competitive map.
b) {Xn}, {Yu}, {Zn} are sequences of the real components in R? such that
X0 Sse Yo Sse Zo

and
Xn+1 <se F(Xn)
Yo =F (Y, %, n=0,1,2,....
Zn+1 7 se F(Zn)
Then,

Xn Sse Yn <se Zn’ n=0,1,2,.... (21)

Lemma 2.1 is necessary to obtain the following general result on the behavior of
non-autonomous competitive systems of difference equations whose coefficients are
asymptotically constant.

Theorem 2.1. Consider the following non-autonomous system of difference equations
flai(n),...,ar (n);xn,¥n)
g(by(n),....by(n);xn,yn) |’

where A, = [a1 (n),...,ax (n),b1 (n),...b;(n)]", k and | are positive integers, and

r=| !
8

Xn41 = [ n=0,1,2,..., (2.2)

:R2 — R2 is a competitive map. Assume that

lim A, = lim [a; (n),...,ax (n),by (n),...b; W] =[a1,...,ax,b1,...b;]T =A. (2.3)

T

T
Also, assume that there exists gy = s(()]),...,sék),s(()k+]),...,s(k”)] >ne 10,...,0| such
——
k+1
that for every Ag=[ai,...,ax, B1,.... BT, with

a; € (ai—g(()i),ai+s(()i)), Bj€ (b‘,-—s(()j),bj+s(()j)), i=1,.,k;j=1,..,1,

all the solutions of the system

A1,y Uk Uy, V
Yn+1=[f( Iy @k s V) } n=0,1,2,....;k,1 € Z* (2.4)
g(ﬁl,..-,ﬂl;un,‘}n)
- XA
converge to a constant solution Y o, = 5 c .
Ag

Additionally, suppose that AlimA7A$ =Ya.
Then, every solution of the system (2.2) converges to Y 4.
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Proof. According to (2.3), for any
T T

T T
E1 = [81’1,...,81,](] >ne 10,...,0] and & = [82’1,...,82,1] >ne 10,...,0] ,
——— ~——

k 1
there exists N = N (&1, &2) such that for n > N the following holds:

a;—&1,i < aj (n) < ai+81,,~, I = 1,2,...,k,
bj—ez,j < bj(n)<bj+82,j, j=1,2,...l.
Thus, for n > N, we get

flaci, ar kixn,yn) }
. Sse
g (bL,I"“’bL,l’xn’yn)

B [ f(ai(n),....ax (n):xp, yn) ]
" g (b (n) by (1) 100 y)
f(apis-ap i;xn, yn) }
g(bp,1ssbp i3 xn,yn) |

foraL,l- =a;—¢&1,0rar;=a;+&y; (i = 1,...,k) and bL’j = bj—ez,j or bL’j = bj+82’j
(j=1,..,0),and

(2.5)

436

an = a;i—é&1,i ifaL,i=al-+sl,l- (i—l k)
P ai+ery ifap;=ai—e1, e

and .
bD’j :{ bj—b‘z’j lbe’j =bj+82’j

bj+eyjifbr;j=bj—gy; (G=1,...,0).

flai(n),....ar (n);xn,yn)
g(b1(n),...,b;(n);x,,yn)
L, Sse Xp S5e Up, n2 N(g) s (2.6)

;0
where {L,} = {[ l?z) satisfies
n

f(aL,1,.-.,aL,k;lfll),lff))

Since F = [ is a competitive map, Lemma 2.1 implies

Lpyi = >
g (bL,la---,bL,l;lr(zl)’lr(IZ))
4D
and {U,} = ?2) satisfies
Mn
f(aD,l,---,aD,k;uﬁll)aug))
Ups1 =

8 (bD,l, ---,bD,lM;(ql),ur(lz))
By using (2.6), we obtain

lim L, ;e liminfX,, <. limsupX,, <se lim U,
n—oo n—0oo n—oo n—0o
1.e.,
Yo, . SseliminfX, <. limsupX,, g ¥
1.2 n—oo

Ber.ey?
n—0o0

(2.7)
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a a
where ag, ¢, = [ bi ],,351,52 = [ bg ],and

ar.1 br ap. bp.
ap= sbr= ,ap= sbp=|
ar.k br,i ap.k bp.i
T
Since limY,, . = limY, _ =Y, where 0=|0,..,0| , (2.7) implies that the se-
g—0 U2 g0 P2 ——
£ —0 &0 k+l
quence {X,} is convergent and that
lim X,, =Y 4. o

n—oo

Remark 2.1. The condition on the system (2.4) means that the map associated with the
system (2.2) is structurally stable.

Now, we will state a more general non-autonomous Leslie-Gower model and demon-
strate the individual steps of the proof of Theorem 2.1.
Consider the following general non-autonomous Leslie-Gower model (see [6], [9],

[16])

anXn

1+ c;“)xn + cﬁllz)yn

buyn

1+ C;ZI)xn + C;ZZ)yn

Xn41 = , n=0,1,2,...., (2.8)

and assume that
T
lim A, = lim an’05111)’05112)’bn’cr(lzl)’cr(lzz) = [a,C(”),C<12),b,6(21),6(22)]T =A.
n—oo n—oo
Note that the condition (2.5) for the system (2.8) has the form:
anXn

1 +c£lll)xn +c12)y,

Ly, Sse Xps1 = bnyn ~se Un,
1+cCx, +cPy,
where
(a—sl’l)xn
L L+ (e +ern)xn+ (12 +£13) yn
nT (b+&21) yn ’
1+ (¢ —gp) xp+ (@ —£23) yu
(a+&1,1)xn
U, = I+ (¢ —e10) xn+ (¢ —£1,3) yn
" (b—&2,1) yn ’
1+ (c(zl) +32,2) X+ (c(22) + 82,3) Yn
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and
a—&1<ap<a+éyn,
C(“) —&1,2 < C,(lll) < C(“) +£&1,2,
C(lz) —&€13< 07(112) < C(lz) +£&1,3,
b—82’1 < bn < b+82,1,
C(2l) —&22 < C;ZU < C(ZI) +&22,
C(22) —&23< C;ZZ) < C(22) +&23,
forn > N.
By Theorem 2.1 the non-autonomous system (2.8) is asymptotic to the limiting sys-
tem axy
Kn+l = (1n 1)y’
1+cUx, + Uy, Lo )
byn (n=0,1,2,...). (2.9)
Yn+1 =

1+c@x, +c@y,’
Note that the system (2.9) has four equilibrium points (see [6], [16]):

a-1 b—-1
Ey=1(0,0), Ex=|—7.0], Ey ={0,— |,

£ - (a-=1)c® —(b-1)c"? (b-1)c") ~(a—1)c?V )
T cDe(22) _ 2D (12) 7 (1) 0(22) — o (21) (12)
Based on the results in [16], Theorem 4.4 in [9], Remark 2, and using Theorem 2.1,
we obtain the following result on the stability of the model (2.8).

and

Corollary 2.1. For the non-autonomous Lesli-Gower model (2.8) the following state-
ments are true:

(@) If0<a<1and0<b <1, then all solutions of the system (2.8) converge to Ey,
for all points (xo, yo) in the interior of R2; more precisely, Ey is globally asymptotically
stable in R2.

(ii) Ifc(m ¢ >0 and ¢V =D > 0, then all solutions of the system (2.8)
converge to E., for all points (xo,yo) in the interior of R2.

(iii) Ifc(lz) —¢@) <0 and ¢V =D <0, then all solutions of the system (2.8)
converge to E., for all points (xg, yo) in the interior of Ri.

(iv) Ifc(lz) ¢ >0 and ¢@Y — (V) <0, then all solutions of the system (2.8)
converge to Ey, for all points (xo,yo) in the interior of R2.

In [1], the following competitive system of difference equations

Xn
Xnel = ——» Yn+l = n=0,1,.., (2.10)
n

Yn
b+x3’
was considered, where the parameters a and b are positive numbers, and initial con-
ditions xg and yg are arbitrary non-negative numbers. Using linearized theory and se-
quence theory, it was proved that the zero equilibrium Eg = (0,0) is globally asymptoti-
cally stable. Here, we will prove it using the method of Lyapunov functions, taking that
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V :R2 — R of the form V [ )yc } = x? + y? of the map F associated with the system
(2.10). Namely, if x >0,y >0, (x,y) # (0,0),0<a < 1, and 0 < b < 1, we have that

w1 e e
R
el fi) o

Since V([ § ]) =x>+y? > o0, as [ i ’ — oo the equilibrium point Ey = (0,0) is

globally asymptotically stable when 0 <a<1and 0< b < 1.
If we consider the following non-autonomous system

Xn _ YIn

Anel = 7 55 Yn+l =
an+Yyn

, n=0,1,..., 2.11
bn+x,21 ( )

where lim a,, = a and lim b, = b, then, by using Theorem 2.1, for which the system

n—o00 n—o00

(2.10) is a limiting system, we obtain the following result.

Corollary 2.2. All solutions of the system (2.10) globally asymptotically converge to
Ep=(0,0)forO<a<1and0<b <1, and for all xo >0 and yo > 0.

Now, consider the following autonomous competitive system of difference equations:

X =ax,e ¥n ,

" " (n=0,1,2,...). (2.12)
Y+t = byne P,

The equilibrium points (x,y) of the system (2.12) satisfy the following system of alge-

braic equations:

X =axe 7,

y= aie_ﬁy.

It is easy to see that the system (2.12) has the equilibrium Ey = (0,0) for all values of
the parameters. This equilibrium point is unique if 0 <a <1 and 0 < b < 1. For a > 1,
Inb ‘lna) “y¢
B’ al
a = 1, then there exist infinitely many equilibrium points Ex = (x,0),x >0, butif b =1,
then there exist infinitely many equilibrium points E5 = (¥,0),y > 0.

The map associated with the system (2.12) has the following form:

Y 2.13)
v 17\ byesr | .
Based on the Jacobian matrix associated with the map (2.13),

44
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ae” —aaxe”
—bBye B> be Bx

’

we obtained the following result about the local stability of the equilibrium point Ey.

Lemma 2.2. The following statements hold for the equilibrium point E:
(a) If0<a<1and0< b <1, then Ey is globally asymptotically stable.
(b) If a=1o0r b =1, then Ey is a non-hyperbolic.
(c) Ifa>1orb > 1, then Ey is unstable (a saddle point or a repeller).

Proof. The Jacobian of the map T at the equilibrium Ey = (0,0) is of the following form

a
JT(O,O):( 0 b

The eigenvalues of the Jacobian at the equilibrium Ey = (0,0) are 1; = a and A = b,
which implies that £ = (0, 0) is locally asymptotically stable forO<a <1landO0<b <1,
but is unstable (a saddle point or a repeller) if @ > 1 or b > 1 and a non-hyperbolic point
fora=1lorb=1.

If0<a<1and0< b <1, then the first equation of the system (2.13) implies that
Xpa1 < ax, < a™'xp, which means that x,, — 0 as n — oo (since x, >0 foralln=0,1,...)
. From the second equation of the system (2.13), we have that y,,,+| < bx,, which implies
that y,, — 0 as n — +oo (since y, > 0 for alln =0, 1,...), that is, Eg = (0,0) is a global
attractor. Since Eg = (0,0) is locally asymptotically stable, we conclude it is globally
asymptotically stable. |

Remark 2.2. By using the Jacobian matrix associated with the map (2.13), we have that
the following statements are true:

1. If @ = 1, then every equilibrium point E+, X > 0 is non-hyperbolic.

2. If b = 1, then every equilibrium point Ey, y > 0 is non-hyperbolic.

3. If a>1and b > 1, then E, is unstable (a saddle point or a repeller).

Note that the system (2.13) is a limiting system of the following non-autonomous com-
petitive system:
Xn+1 = dpXpe” Mm,

et = byyyeBorn, 17012, (2.14)
n+l = Pnkn .

where lima, =a, lim b, =b, lima, =a and lim g3, = S.
n—oo n—oo n—oo n—oo
We obtain the following result using Lemma 2.2 and Theorem 2.1.

Corollary 2.3. I[f0<a<1,0<b <1, a>0and B >0, then all solutions of the system
(2.14) globally asymptotically converge to Eg = (0,0) for all xo > 0 and yg > 0.

Example 2.1. It seems interesting to compare the behavior of the autonomous system
solutions (2.10) for a = 0.9 and b = 0.99:

_ Xn _ y
Xp+l = ———=, Yn+l =

— _ n=0,1,..., (2.15)
0.9+y; 0.99+x;
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x(n) x(n)

0121 | 012

010 010

0.08 \ 0.08- |

0.06 - 0.06 -

0.04 . 0.04

0.021- . 0.02

000 5 = 11) ) 13 éo " 000 = 5 1A0 1A5 éo "

(A) (B)

FIGURE 1. Time series of the components x;, of the systems in Exam-
ple 2.1: (A) autonomous case; (B) non-autonomous case (with initial
values xog = 2.1,y9 =4.2).

with the solutions of the corresponding non-autonomous system (2.11) with the coeffi-
cients a, = 222410 4nd b, = 0.99 + %, that is:

n+1
Xn Yn
Xntl = Gomo 30 YnHl = ——1——» n=0,1,.... (2.16)
99ntl0 4 y2 0.99+ % +x7

What is unexpected in this case is the faster convergence of the solution of the non-
autonomous system compared to the autonomous system, especially of the components
Xn. In both cases, the components y,, converge to O quickly (Figure 1).

3. CONCLUSION

Relying on previous research, where theorems of global attractiveness of some classes
of non-autonomous competitive systems of difference equations with asymptotically
constant coefficients were proved, this paper presents a general theorem for an arbitrary
non-autonomous competitive system. The obtained results were applied to three typical
cases. In the end, the rate of convergence of the solution of a non-autonomous compet-
itive system of difference equations was compared with the convergence of the solution
of the corresponding limiting autonomous system. In doing so, the unexpected conclu-
sion was reached that the solutions of a non-autonomous competitive system can con-
verge to the equilibrium point even faster than the solutions of its limiting autonomous
system.
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