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ASYMPTOTIC BEHAVIOR OF NON-AUTONOMOUS COMPETITIVE
SYSTEMS OF DIFFERENCE EQUATIONS

MEHMED NURKANOVIĆ

Dedicated to the 75th birthday of our dear Professor Mirjana Vuković

ABSTRACT. The problem of the behavior (convergence and stability) of the solutions
of non-autonomous systems of difference equations with asymptotically constant co-
efficients is still open. In previous research, the main interest was related to the results
on global attractiveness for some classes of non-autonomous competitive and cooper-
ative systems. In this paper, using those results and the same methods in the partial
ordering of the space R2

+, we prove the general theorem for any non-autonomous com-
petitive system with asymptotically constant coefficients. The obtained results are also
illustrated with concrete examples.

1. INTRODUCTION

An autonomous system of difference equations has constant coefficients, while a
non-autonomous system has variable coefficients (sequences). In this paper, we will
consider the behavior of non-autonomous competitive systems of difference equations
whose coefficients are asymptotically constant. This problem is still open and has yet
to have a general result covering all cases. Nevertheless, we will give such a result here
for the case of competitive systems. It relies on previously obtained results for some
general classes of these systems.

In [9] the following non-autonomous competitive systems whose coefficients are
asymptotically constant:

𝑋𝑛+1 =

[
𝑥𝑛+1
𝑦𝑛+1

]
=

[
𝑎𝑛 𝑓 (𝑥𝑛, 𝑦𝑛)
𝑏𝑛𝑔 (𝑥𝑛, 𝑦𝑛)

]
, 𝑛 = 0,1, ...,

𝑋𝑛+1 =

[
𝑥𝑛+1
𝑦𝑛+1

]
=


𝑥𝑛

𝑎𝑛 + 𝑦𝑛
𝑦𝑛

𝑏𝑛 + 𝑥𝑛

 , 𝑛 = 0,1, ...,
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𝑋𝑛+1 =

[
𝑥𝑛+1
𝑦𝑛+1

]
=


𝛼𝑛𝑥𝑛

𝑎𝑛 + 𝑦𝑛

𝛽𝑛𝑦𝑛

𝑏𝑛 + 𝑥𝑛

 , 𝑛 = 0,1, ...,

and the following non-autonomous Leslie-Gower model

𝑋𝑛+1 =


𝑎𝑛𝑥𝑛

1+ 𝑐
(11)
𝑛 𝑥𝑛 + 𝑐 (12) 𝑦𝑛

𝑏𝑛𝑦𝑛

1+ 𝑐 (21)𝑥𝑛 + 𝑐
(22)
𝑛 𝑦𝑛

 , 𝑛 = 0,1,2, .... ,

were considered, and a theorem of the form Theorem 2.1 was proved in that case. After
that, the corresponding Leslie-Gower evolutionary model with two Fisher’s equations
was considered separately.

Also, in [10] the following non-autonomous cooperative systems:

𝑥
(𝑖)
𝑛+1 = 𝐴

(𝑖)
𝑛 𝑥

(𝑖)
𝑛

𝑘∏
𝑖≠ 𝑗=1

𝑥
( 𝑗 )
𝑛

1+
𝑘∏

𝑖≠ 𝑗=1
𝑥
( 𝑗 )
𝑛

, 𝑛 = 0,1, ...; 𝑖 = 1,2, ..., 𝑘,

and
𝑥𝑛+1 =

𝑎𝑛𝑥𝑛

𝛿1 + 𝑥𝑛
+ 𝑏𝑛𝑦𝑛

𝛿2 + 𝑦𝑛
,

𝑦𝑛+1 =
𝑐𝑛𝑥𝑛

𝛿2 + 𝑥𝑛
+ 𝑑𝑛𝑦𝑛

𝛿1 + 𝑦𝑛
,

 𝑛 = 0,1, . . .

were considered.
All obtained results are based on the behavior of the corresponding autonomous com-

petitive and cooperative systems. Regarding autonomous competitive and cooperative
systems, see [2–5, 7, 8, 11–15].

In this paper, we use the method of difference inequalities to prove global attractivity
results for two-dimensional competitive systems in [9]. The map 𝐹 : R2

+ → R2
+, 𝐹 =

( 𝑓 , 𝑔) is called a competitive map if 𝑓 is non-decreasing in the first variable and non-
increasing in the second variable, and 𝑔 is non-increasing in the first variable and non-
decreasing in the second variable. However, the results in [9] are two-dimensional, and
it is not clear how to extend them to the 𝑘-dimensional case for 𝑘 > 2.

Also, we will use the so-called ”north-east” partial ordering of the space R2
+, defined

it in the following way:

𝑋𝑛 =

[
𝑥
(1)
𝑛

𝑥
(2)
𝑛

]
≼𝑛𝑒 𝑌𝑛 =

[
𝑦
(1)
𝑛

𝑦
(2)
𝑛

]
⇐⇒

(
𝑥
(1)
𝑛 ≤ 𝑦

(1)
𝑛 and 𝑥

(2)
𝑛 ≤ 𝑦

(2)
𝑛

)
,

and the so-called ”south-east” partial ordering of the space R2
+ defined by

𝑋𝑛 =

[
𝑥
(1)
𝑛

𝑥
(2)
𝑛

]
≼𝑠𝑒 𝑌𝑛 =

[
𝑦
(1)
𝑛

𝑦
(2)
𝑛

]
⇐⇒

(
𝑥
(1)
𝑛 ≤ 𝑦

(1)
𝑛 and 𝑥

(2)
𝑛 ≥ 𝑦

(2)
𝑛

)
.

If we replace ”≤” and ”≥” with ”<” and ”>” in the above relations, then ”⪯” also
changes to ”≺”.
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2. MAIN RESULTS

In [9], the following lemma is proved.

Lemma 2.1. ( [9], Lemma 1) Assume that

a) 𝐹 : R2
+ → R2

+ , 𝐹 =

[
𝑓

𝑔

]
is a competitive map.

b) {𝑋𝑛}, {𝑌𝑛}, {𝑍𝑛} are sequences of the real components in R2
+ such that

𝑋0 ≼𝑠𝑒 𝑌0 ≼𝑠𝑒 𝑍0

and
𝑋𝑛+1 ≼𝑠𝑒 𝐹 (𝑋𝑛)
𝑌𝑛+1 = 𝐹 (𝑌𝑛)
𝑍𝑛+1 ≽𝑠𝑒 𝐹 (𝑍𝑛)

 , 𝑛 = 0,1,2, ... .

Then,
𝑋𝑛 ≼𝑠𝑒 𝑌𝑛 ≼𝑠𝑒 𝑍𝑛, 𝑛 = 0,1,2, ... . (2.1)

Lemma 2.1 is necessary to obtain the following general result on the behavior of
non-autonomous competitive systems of difference equations whose coefficients are
asymptotically constant.

Theorem 2.1. Consider the following non-autonomous system of difference equations

𝑋𝑛+1 =

[
𝑓 (𝑎1 (𝑛) , ..., 𝑎𝑘 (𝑛) ;𝑥𝑛, 𝑦𝑛)
𝑔 (𝑏1 (𝑛) , ..., 𝑏𝑙 (𝑛) ;𝑥𝑛, 𝑦𝑛)

]
, 𝑛 = 0,1,2, ..., (2.2)

where 𝐴𝑛 = [𝑎1 (𝑛) , ..., 𝑎𝑘 (𝑛) , 𝑏1 (𝑛) , ..., 𝑏𝑙 (𝑛)]𝑇 , 𝑘 and 𝑙 are positive integers, and

𝐹 =

[
𝑓

𝑔

]
: R2

+ → R2
+ is a competitive map. Assume that

lim
𝑛→∞

𝐴𝑛= lim
𝑛→∞

[𝑎1 (𝑛) , ..., 𝑎𝑘 (𝑛) , 𝑏1 (𝑛) , ..., 𝑏𝑙 (𝑛)]𝑇 = [𝑎1, ..., 𝑎𝑘 , 𝑏1, ..., 𝑏𝑙]𝑇 =𝐴. (2.3)

Also, assume that there exists 𝜀0 =
[
𝜀
(1)
0 , ..., 𝜀

(𝑘 )
0 , 𝜀

(𝑘+1)
0 , ..., 𝜀

(𝑘+𝑙)
0

]𝑇
≻𝑛𝑒

0, ...,0︸ ︷︷ ︸
𝑘+𝑙


𝑇

such

that for every 𝐴𝜀= [𝛼1, ..., 𝛼𝑘 , 𝛽1, ..., 𝛽𝑙]𝑇 , with

𝛼𝑖 ∈
(
𝑎𝑖 − 𝜀

(𝑖)
0 , 𝑎𝑖 + 𝜀

(𝑖)
0

)
, 𝛽 𝑗 ∈

(
𝑏 𝑗 − 𝜀

( 𝑗 )
0 , 𝑏 𝑗 + 𝜀

( 𝑗 )
0

)
, 𝑖 = 1, ..., 𝑘; 𝑗 = 1, ..., 𝑙,

all the solutions of the system

𝑌𝑛+1 =

[
𝑓 (𝛼1, ..., 𝛼𝑘 ;𝑢𝑛, 𝑣𝑛)
𝑔 (𝛽1, ..., 𝛽𝑙;𝑢𝑛, 𝑣𝑛)

]
, 𝑛 = 0,1,2, ..., ; 𝑘, 𝑙 ∈ Z+ (2.4)

converge to a constant solution 𝑌 𝐴𝜀
=

[
𝑥𝐴𝜀

𝑦𝐴𝜀

]
.

Additionally, suppose that lim
𝐴𝜀→𝐴

𝑌 𝐴𝜀
= 𝑌 𝐴.

Then, every solution of the system (2.2) converges to 𝑌 𝐴.
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Proof. According to (2.3), for any

𝜀1 =
[
𝜀1,1, ..., 𝜀1,𝑘

]𝑇 ≻𝑛𝑒

0, ...,0︸ ︷︷ ︸
𝑘


𝑇

and 𝜀2 =
[
𝜀2,1, ..., 𝜀2,𝑙

]𝑇 ≻𝑛𝑒

0, ...,0︸ ︷︷ ︸
𝑙


𝑇

,

there exists 𝑁 = 𝑁 (𝜀1, 𝜀2) such that for 𝑛 ≥ 𝑁 the following holds:

𝑎𝑖 − 𝜀1,𝑖 < 𝑎𝑖 (𝑛) < 𝑎𝑖 + 𝜀1,𝑖 , 𝑖 = 1,2, ..., 𝑘,
𝑏 𝑗 − 𝜀2, 𝑗 < 𝑏 𝑗 (𝑛) < 𝑏 𝑗 + 𝜀2, 𝑗 , 𝑗 = 1,2, ...𝑙.

Thus, for 𝑛 ≥ 𝑁 , we get[
𝑓
(
𝑎𝐿,1, ..., 𝑎𝐿,𝑘 ;𝑥𝑛, 𝑦𝑛

)
𝑔
(
𝑏𝐿,1, ..., 𝑏𝐿,𝑙;𝑥𝑛, 𝑦𝑛

) ]
≼𝑠𝑒 𝑋𝑛+1 =

[
𝑓 (𝑎1 (𝑛) , ..., 𝑎𝑘 (𝑛) ;𝑥𝑛, 𝑦𝑛)
𝑔 (𝑏1 (𝑛) , ..., 𝑏𝑙 (𝑛) ;𝑥𝑛, 𝑦𝑛)

]
≼𝑠𝑒

[
𝑓
(
𝑎𝐷,1, ..., 𝑎𝐷,𝑘 ;𝑥𝑛, 𝑦𝑛

)
𝑔
(
𝑏𝐷,1, ..., 𝑏𝐷,𝑙;𝑥𝑛, 𝑦𝑛

) ]
, (2.5)

for 𝑎𝐿,𝑖 = 𝑎𝑖−𝜀1,𝑖 , or 𝑎𝐿,𝑖 = 𝑎𝑖+𝜀1,𝑖 (𝑖 = 1, ..., 𝑘) and 𝑏𝐿, 𝑗 = 𝑏 𝑗 −𝜀2, 𝑗 or 𝑏𝐿, 𝑗 = 𝑏 𝑗 +𝜀2, 𝑗
( 𝑗 = 1, ..., 𝑙), and

𝑎𝐷,𝑖 =

{
𝑎𝑖 − 𝜀1,𝑖 if 𝑎𝐿,𝑖 = 𝑎𝑖 + 𝜀1,𝑖
𝑎𝑖 + 𝜀1,𝑖 if 𝑎𝐿,𝑖 = 𝑎𝑖 − 𝜀1,𝑖

(𝑖 = 1, ..., 𝑘) ,
and

𝑏𝐷, 𝑗 =

{
𝑏 𝑗 − 𝜀2, 𝑗 if 𝑏𝐿, 𝑗 = 𝑏 𝑗 + 𝜀2, 𝑗
𝑏 𝑗 + 𝜀2, 𝑗 if 𝑏𝐿, 𝑗 = 𝑏 𝑗 − 𝜀2, 𝑗

( 𝑗 = 1, ..., 𝑙) .

Since 𝐹 =

[
𝑓 (𝑎1 (𝑛) , ..., 𝑎𝑘 (𝑛) ;𝑥𝑛, 𝑦𝑛)
𝑔 (𝑏1 (𝑛) , ..., 𝑏𝑙 (𝑛) ;𝑥𝑛, 𝑦𝑛)

]
is a competitive map, Lemma 2.1 implies

𝐿𝑛 ≼𝑠𝑒 𝑋𝑛 ≼𝑠𝑒 𝑈𝑛, 𝑛 ≥ 𝑁 (𝜀) , (2.6)

where {𝐿𝑛} =
{[

𝑙
(1)
𝑛

𝑙
(2)
𝑛

]}
satisfies

𝐿𝑛+1 =


𝑓

(
𝑎𝐿,1, ..., 𝑎𝐿,𝑘 ; 𝑙 (1)𝑛 , 𝑙

(2)
𝑛

)
𝑔

(
𝑏𝐿,1, ..., 𝑏𝐿,𝑙; 𝑙 (1)𝑛 , 𝑙

(2)
𝑛

)  ,
and {𝑈𝑛} =

{[
𝑢
(1)
𝑛

𝑢
(2)
𝑛

]}
satisfies

𝑈𝑛+1 =


𝑓

(
𝑎𝐷,1, ..., 𝑎𝐷,𝑘 ;𝑢 (1)

𝑛 , 𝑢
(2)
𝑛

)
𝑔

(
𝑏𝐷,1, ..., 𝑏𝐷,𝑙𝑢

(1)
𝑛 , 𝑢

(2)
𝑛

)  .
By using (2.6), we obtain

lim
𝑛→∞

𝐿𝑛 ≼𝑠𝑒 liminf
𝑛→∞

𝑋𝑛 ≼𝑠𝑒 limsup
𝑛→∞

𝑋𝑛 ≼𝑠𝑒 lim
𝑛→∞

𝑈𝑛,

i.e.,
𝑌 𝛼𝜀1 , 𝜀2

≼𝑠𝑒 liminf
𝑛→∞

𝑋𝑛 ≼𝑠𝑒 limsup
𝑛→∞

𝑋𝑛 ≼𝑠𝑒 𝑌 𝛽𝜀1 , 𝜀2
, (2.7)
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where 𝛼𝜀1, 𝜀2 =

[
a𝐿

b𝐿

]
, 𝛽𝜀1, 𝜀2 =

[
a𝐷
b𝐷

]
, and

a𝐿=


𝑎𝐿,1
...

𝑎𝐿,𝑘

 , b𝐿=


𝑏𝐿,1
...

𝑏𝐿,𝑙

 , a𝐷=


𝑎𝐷,1
...

𝑎𝐷,𝑘

 , b𝐷=


𝑏𝐷,1
...

𝑏𝐷,𝑙

 .

Since lim
𝜀1→0
𝜀2→0

𝑌 𝛼𝜀1 , 𝜀2
= lim

𝜀1→0
𝜀2→0

𝑌
𝛽𝜀1 , 𝜀2

= 𝑌 𝐴, where 0 =

0, ...,0︸ ︷︷ ︸
𝑘+𝑙


𝑇

, (2.7) implies that the se-

quence {𝑋𝑛} is convergent and that

lim
𝑛→∞

𝑋𝑛 = 𝑌 𝐴. □

Remark 2.1. The condition on the system (2.4) means that the map associated with the
system (2.2) is structurally stable.

Now, we will state a more general non-autonomous Leslie-Gower model and demon-
strate the individual steps of the proof of Theorem 2.1.

Consider the following general non-autonomous Leslie-Gower model (see [6], [9],
[16])

𝑋𝑛+1 =


𝑎𝑛𝑥𝑛

1+ 𝑐
(11)
𝑛 𝑥𝑛 + 𝑐

(12)
𝑛 𝑦𝑛

𝑏𝑛𝑦𝑛

1+ 𝑐
(21)
𝑛 𝑥𝑛 + 𝑐

(22)
𝑛 𝑦𝑛

 , 𝑛 = 0,1,2, ...., (2.8)

and assume that

lim
𝑛→∞

𝐴𝑛 = lim
𝑛→∞

[
𝑎𝑛, 𝑐

(11)
𝑛 , 𝑐

(12)
𝑛 , 𝑏𝑛, 𝑐

(21)
𝑛 , 𝑐

(22)
𝑛

]𝑇
=

[
𝑎, 𝑐 (11) , 𝑐 (12) , 𝑏, 𝑐 (21) , 𝑐 (22) ]𝑇 = 𝐴.

Note that the condition (2.5) for the system (2.8) has the form:

𝐿𝑛 ≼𝑠𝑒 𝑋𝑛+1 =


𝑎𝑛𝑥𝑛

1+ 𝑐
(11)
𝑛 𝑥𝑛 + 𝑐 (12) 𝑦𝑛

𝑏𝑛𝑦𝑛

1+ 𝑐 (21)𝑥𝑛 + 𝑐
(22)
𝑛 𝑦𝑛

 ≼𝑠𝑒 𝑈𝑛,

where

𝐿𝑛 =


(
𝑎− 𝜀1,1

)
𝑥𝑛

1+
(
𝑐 (11) + 𝜀1,2

)
𝑥𝑛 +

(
𝑐 (12) + 𝜀1,3

)
𝑦𝑛(

𝑏+ 𝜀2,1
)
𝑦𝑛

1+
(
𝑐 (21) − 𝜀2,2

)
𝑥𝑛 +

(
𝑐 (22) − 𝜀2,3

)
𝑦𝑛


,

𝑈𝑛 =


(
𝑎+ 𝜀1,1

)
𝑥𝑛

1+
(
𝑐 (11) − 𝜀1,2

)
𝑥𝑛 +

(
𝑐 (12) − 𝜀1,3

)
𝑦𝑛(

𝑏− 𝜀2,1
)
𝑦𝑛

1+
(
𝑐 (21) + 𝜀2,2

)
𝑥𝑛 +

(
𝑐 (22) + 𝜀2,3

)
𝑦𝑛


,
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and
𝑎− 𝜀1,1 < 𝑎𝑛 < 𝑎+ 𝜀1,1,

𝑐 (11) − 𝜀1,2 < 𝑐
(11)
𝑛 < 𝑐 (11) + 𝜀1,2,

𝑐 (12) − 𝜀1,3 < 𝑐
(12)
𝑛 < 𝑐 (12) + 𝜀1,3,

𝑏− 𝜀2,1 < 𝑏𝑛 < 𝑏+ 𝜀2,1,

𝑐 (21) − 𝜀2,2 < 𝑐
(21)
𝑛 < 𝑐 (21) + 𝜀2,2,

𝑐 (22) − 𝜀2,3 < 𝑐
(22)
𝑛 < 𝑐 (22) + 𝜀2,3,

for 𝑛 ≥ 𝑁 .
By Theorem 2.1 the non-autonomous system (2.8) is asymptotic to the limiting sys-

tem
𝑥𝑛+1 =

𝑎𝑥𝑛

1+ 𝑐 (11)𝑥𝑛 + 𝑐 (12) 𝑦𝑛
,

𝑦𝑛+1 =
𝑏𝑦𝑛

1+ 𝑐 (21)𝑥𝑛 + 𝑐 (22) 𝑦𝑛
,

(𝑛 = 0,1,2, ...). (2.9)

Note that the system (2.9) has four equilibrium points (see [6], [16]):

𝐸0 = (0,0) , 𝐸𝑥 =

(
𝑎−1
𝑐 (11) ,0

)
, 𝐸𝑦 =

(
0,

𝑏−1
𝑐 (22)

)
,

and
𝐸+ =

(
(𝑎−1) 𝑐 (22) − (𝑏−1) 𝑐 (12)

𝑐 (11)𝑐 (22) − 𝑐 (21)𝑐 (12) ,
(𝑏−1) 𝑐 (11) − (𝑎−1) 𝑐 (21)

𝑐 (11)𝑐 (22) − 𝑐 (21)𝑐 (12)

)
.

Based on the results in [16], Theorem 4.4 in [9], Remark 2, and using Theorem 2.1,
we obtain the following result on the stability of the model (2.8).

Corollary 2.1. For the non-autonomous Lesli-Gower model (2.8) the following state-
ments are true:

(i) If 0 < 𝑎 < 1 and 0 < 𝑏 < 1, then all solutions of the system (2.8) converge to 𝐸0,
for all points (𝑥0, 𝑦0) in the interior of R2

+; more precisely, 𝐸0 is globally asymptotically
stable in R2

+.
(ii) If 𝑐 (12) − 𝑐 (22) > 0 and 𝑐 (21) − 𝑐 (11) > 0, then all solutions of the system (2.8)

converge to 𝐸𝑥 , for all points (𝑥0, 𝑦0) in the interior of R2
+.

(iii) If 𝑐 (12) − 𝑐 (22) < 0 and 𝑐 (21) − 𝑐 (11) < 0, then all solutions of the system (2.8)
converge to 𝐸+, for all points (𝑥0, 𝑦0) in the interior of R2

+.
(iv) If 𝑐 (12) − 𝑐 (22) > 0 and 𝑐 (21) − 𝑐 (11) < 0, then all solutions of the system (2.8)

converge to 𝐸𝑦 , for all points (𝑥0, 𝑦0) in the interior of R2
+.

In [1], the following competitive system of difference equations

𝑥𝑛+1 =
𝑥𝑛

𝑎+ 𝑦2
𝑛

, 𝑦𝑛+1 =
𝑦𝑛

𝑏+ 𝑥2
𝑛

, 𝑛 = 0,1, ..., (2.10)

was considered, where the parameters 𝑎 and 𝑏 are positive numbers, and initial con-
ditions 𝑥0 and 𝑦0 are arbitrary non-negative numbers. Using linearized theory and se-
quence theory, it was proved that the zero equilibrium 𝐸0 = (0,0) is globally asymptoti-
cally stable. Here, we will prove it using the method of Lyapunov functions, taking that
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𝑉 : R2
+ → R of the form 𝑉

( [
𝑥

𝑦

] )
= 𝑥2 + 𝑦2 of the map 𝐹 associated with the system

(2.10). Namely, if 𝑥 ≥ 0, 𝑦 ≥ 0, (𝑥, 𝑦) ≠ (0,0), 0 < 𝑎 < 1, and 0 < 𝑏 < 1, we have that

Δ𝑉 = 𝑉

(
𝐹

( [
𝑥

𝑦

] ))
−𝑉

( [
𝑥

𝑦

] )
=

(
𝑥

1
𝑎+ 𝑦2

)2
+

(
𝑦

1
𝑏+ 𝑥2

)2
− 𝑥2 − 𝑦2

= 𝑥2

((
1

𝑎+ 𝑦2

)2
−1

)
+ 𝑦2

((
1

𝑏+ 𝑥2

)2
−1

)
≤ 𝑥2

(
1
𝑎2 −1

)
+ 𝑦2

(
1
𝑏2 −1

)
< 0.

Since 𝑉

( [
𝑥

𝑦

] )
= 𝑥2 + 𝑦2 → ∞, as





[ 𝑥

𝑦

]



 → ∞ the equilibrium point 𝐸0 = (0,0) is

globally asymptotically stable when 0 < 𝑎 < 1 and 0 < 𝑏 < 1.
If we consider the following non-autonomous system

𝑥𝑛+1 =
𝑥𝑛

𝑎𝑛 + 𝑦2
𝑛

, 𝑦𝑛+1 =
𝑦𝑛

𝑏𝑛 + 𝑥2
𝑛

, 𝑛 = 0,1, ..., (2.11)

where lim
𝑛→∞

𝑎𝑛 = 𝑎 and lim
𝑛→∞

𝑏𝑛 = 𝑏, then, by using Theorem 2.1, for which the system
(2.10) is a limiting system, we obtain the following result.

Corollary 2.2. All solutions of the system (2.10) globally asymptotically converge to
𝐸0 = (0,0) for 0 < 𝑎 < 1 and 0 < 𝑏 < 1, and for all 𝑥0 ≥ 0 and 𝑦0 ≥ 0.

Now, consider the following autonomous competitive system of difference equations:

𝑥𝑛+1 = 𝑎𝑥𝑛𝑒
−𝛼𝑦𝑛 ,

𝑦𝑛+1 = 𝑏𝑦𝑛𝑒
−𝛽𝑥𝑛 ,

(𝑛 = 0,1,2, ...). (2.12)

The equilibrium points (𝑥, 𝑦) of the system (2.12) satisfy the following system of alge-
braic equations:

𝑥 = 𝑎𝑥𝑒−𝛼𝑦 ,

𝑦 = 𝑎𝑦𝑒−𝛽𝑥 .

It is easy to see that the system (2.12) has the equilibrium 𝐸0 = (0,0) for all values of
the parameters. This equilibrium point is unique if 0 < 𝑎 < 1 and 0 < 𝑏 < 1. For 𝑎 > 1,
𝑏 > 1, 𝛼 > 0 and 𝛽 > 0 the system (2.12) has a positive equilibrium 𝐸+ =

(
ln𝑏
𝛽
, ln𝑎

𝛼

)
. If

𝑎 = 1, then there exist infinitely many equilibrium points 𝐸𝑥 = (𝑥,0), 𝑥 ≥ 0, but if 𝑏 = 1,
then there exist infinitely many equilibrium points 𝐸𝑦 = (𝑦,0), 𝑦 ≥ 0.

The map associated with the system (2.12) has the following form:

𝑇

(
𝑥

𝑦

)
=

(
𝑎𝑥𝑒−𝛼𝑦

𝑏𝑦𝑒−𝛽𝑥

)
. (2.13)

Based on the Jacobian matrix associated with the map (2.13),
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𝑎𝑒−𝛼𝑦 −𝑎𝛼𝑥𝑒−𝛼𝑦

−𝑏𝛽𝑦𝑒−𝛽𝑥 𝑏𝑒−𝛽𝑥

)
,

we obtained the following result about the local stability of the equilibrium point 𝐸0.

Lemma 2.2. The following statements hold for the equilibrium point 𝐸0:
(a) If 0 < 𝑎 < 1 and 0 < 𝑏 < 1, then 𝐸0 is globally asymptotically stable.
(b) If 𝑎 = 1 or 𝑏 = 1, then 𝐸0 is a non-hyperbolic.
(c) If 𝑎 > 1 or 𝑏 > 1, then 𝐸0 is unstable (a saddle point or a repeller).

Proof. The Jacobian of the map 𝑇 at the equilibrium 𝐸0 = (0,0) is of the following form

𝐽𝑇 (0,0) =
(
𝑎 0
0 𝑏

)
.

The eigenvalues of the Jacobian at the equilibrium 𝐸0 = (0,0) are 𝜆1 = 𝑎 and 𝜆2 = 𝑏,
which implies that 𝐸0 = (0,0) is locally asymptotically stable for 0< 𝑎 < 1 and 0< 𝑏 < 1,
but is unstable (a saddle point or a repeller) if 𝑎 > 1 or 𝑏 > 1 and a non-hyperbolic point
for 𝑎 = 1 or 𝑏 = 1.

If 0 < 𝑎 < 1 and 0 < 𝑏 < 1, then the first equation of the system (2.13) implies that
𝑥𝑛+1 < 𝑎𝑥𝑛 < 𝑎𝑛+1𝑥0, which means that 𝑥𝑛 → 0 as 𝑛→∞ (since 𝑥𝑛 ≥ 0 for all 𝑛= 0,1, ...)
. From the second equation of the system (2.13), we have that 𝑦𝑛+1 < 𝑏𝑥𝑛, which implies
that 𝑦𝑛 → 0 as 𝑛→+∞ (since 𝑦𝑛 ≥ 0 for all 𝑛 = 0,1, ...), that is, 𝐸0 = (0,0) is a global
attractor. Since 𝐸0 = (0,0) is locally asymptotically stable, we conclude it is globally
asymptotically stable. □

Remark 2.2. By using the Jacobian matrix associated with the map (2.13), we have that
the following statements are true:

1. If 𝑎 = 1, then every equilibrium point 𝐸𝑥 , 𝑥 ≥ 0 is non-hyperbolic.
2. If 𝑏 = 1, then every equilibrium point 𝐸𝑦 , 𝑦 ≥ 0 is non-hyperbolic.
3. If 𝑎 > 1 and 𝑏 > 1, then 𝐸+ is unstable (a saddle point or a repeller).

Note that the system (2.13) is a limiting system of the following non-autonomous com-
petitive system:

𝑥𝑛+1 = 𝑎𝑛𝑥𝑛𝑒
−𝛼𝑛𝑦𝑛 ,

𝑦𝑛+1 = 𝑏𝑛𝑦𝑛𝑒
−𝛽𝑛𝑥𝑛 ,

(𝑛 = 0,1,2, ...), (2.14)

where lim
𝑛→∞

𝑎𝑛 = 𝑎, lim
𝑛→∞

𝑏𝑛 = 𝑏, lim
𝑛→∞

𝛼𝑛 = 𝛼 and lim
𝑛→∞

𝛽𝑛 = 𝛽.

We obtain the following result using Lemma 2.2 and Theorem 2.1.

Corollary 2.3. If 0 < 𝑎 < 1, 0 < 𝑏 < 1, 𝛼 > 0 and 𝛽 > 0, then all solutions of the system
(2.14) globally asymptotically converge to 𝐸0 = (0,0) for all 𝑥0 ≥ 0 and 𝑦0 ≥ 0.

Example 2.1. It seems interesting to compare the behavior of the autonomous system
solutions (2.10) for 𝑎 = 0.9 and 𝑏 = 0.99:

𝑥𝑛+1 =
𝑥𝑛

0.9+ 𝑦2
𝑛

, 𝑦𝑛+1 =
𝑦𝑛

0.99+ 𝑥2
𝑛

, 𝑛 = 0,1, ..., (2.15)
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FIGURE 1. Time series of the components 𝑥𝑛 of the systems in Exam-
ple 2.1: (A) autonomous case; (B) non-autonomous case (with initial
values 𝑥0 = 2.1, 𝑦0 = 4.2).

with the solutions of the corresponding non-autonomous system (2.11) with the coeffi-
cients 𝑎𝑛 = 0.9𝑛+10

𝑛+1 and 𝑏𝑛 = 0.99+ 1
𝑛

, that is:

𝑥𝑛+1 =
𝑥𝑛

0.9𝑛+10
𝑛+1 + 𝑦2

𝑛

, 𝑦𝑛+1 =
𝑦𝑛

0.99+ 1
𝑛
+ 𝑥2

𝑛

, 𝑛 = 0,1, ... . (2.16)

What is unexpected in this case is the faster convergence of the solution of the non-
autonomous system compared to the autonomous system, especially of the components
𝑥𝑛. In both cases, the components 𝑦𝑛 converge to 0 quickly (Figure 1).

3. CONCLUSION

Relying on previous research, where theorems of global attractiveness of some classes
of non-autonomous competitive systems of difference equations with asymptotically
constant coefficients were proved, this paper presents a general theorem for an arbitrary
non-autonomous competitive system. The obtained results were applied to three typical
cases. In the end, the rate of convergence of the solution of a non-autonomous compet-
itive system of difference equations was compared with the convergence of the solution
of the corresponding limiting autonomous system. In doing so, the unexpected conclu-
sion was reached that the solutions of a non-autonomous competitive system can con-
verge to the equilibrium point even faster than the solutions of its limiting autonomous
system.
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