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ERGODICITY OF UNIFORMLY DIFFERENTIABLE FUNCTIONS
MODULO p ON Z, AND SOME CLASSES OF 1-LIPSCHITZ MEASURE
PRESERVING FUNCTIONS ON Z,

JASMINA MUMINOVIC HUREMOVIC

ABSTRACT. Various applications in physics, cognitive science and cryptography of-
ten lead to the study of the behavior of dynamical systems on Z,. For example, in the
theory of pseudorandom number generation, it is useful to have a mapping, defined on
the set of integers, that gives large cycles modulo n for a given integer n . Given that
minimal mappings have only one cycle of maximal length modulo p”, for each n, good
candidates are precisely minimal mappings in the set of p-adic integers (maps whose
orbits are all dense).

In this paper we give theoretical research in the field of p-adic analysis, p-adic ergodic
functions and dynamical systems defined on the set of p-adic integers Z,. In [5] it
was shown that for 1-Lipschitz functions, which are measure preserving, the notions
of minimality and ergodicity are equivalent. Guided by the results from the mentioned
paper, here we give some results about the necessary and sufficient conditions for the
ergodicity of uniformly differentiable functions modulo p on p-adic integers Z;,. The
class of uniformly differentiable functions modulo p includes the space of rational
functions, so we also give the application of the obtained results to rational functions
in Z3 and Zs. Finally, some classes of 1-Lipschitz functions that preserve measure on
the group of p-adic integers Z,, are considered, and necessary and sufficient conditions
for their ergodicity in terms of their Van der Put coefficients are established.

1. INTRODUCTION

We recall some facts about the ring of p-adic integers Z,. Let p be a fixed prime
number. The p-adic ordinal or valuation of 0 # x € Z we define as

ordpx =max{r:p"|x} >0.
If a/b € Q, then we define p-adic valuation as

ordp% =ord,a—ordpb.

2020 Mathematics Subject Classification. 11582,37A05.
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Definition 1.1. Let x € Q. p-adic absolute value of x is given by

B p—ord,,x’ x % O,
¥y =10, x=0.

The p-adic absolute value is non-Archimedean and it induces a metric
p(x,y) =Ix=ylp.

Definition 1.2. The completion of Q, with respect to the p-adic norm is the field of
p-adic numbers, Q.

Definition 1.3. The unit disk about 0 € Q), is called the set of p-adic integers and it is
denoted by Zp,, i.e.

Zp={ae€Q,:lal, <1}
Theorem 1.1. Every p-adic number a € Q,, has unique p-adic representation
a=a_,p " +al_rp1_r +a2_rp2_r +... +a/_1p_1 +ag+ap! +0/2p2+
witha, € Zi0<a, < (p-1). Moreover, a € Z,, if and only if a_, =0, for all r > 0.

Definition 1.4. A function f : Z, — Z,, is said to be 1-Lipschitz if for all x,y € Z,, we
have

lf ) =fWDp < lx=ylp.

Definition 1.5. Let Z,, be the ring of p-adic integers endowed with its ultra-metric norm

|.| and natural probability measure u.

(1) A bijective function f :Z, — Zp is said to be measure preserving if and only if
u(f1(8)) = u(S) for every measurable subset S of Zp.

(2) A measure preserving function is said to be ergodic if it has no proper invariant
subset, i.e. u(S) =1 or u(S) =0 for every measurable subset S C Z, such that

1S =s.

Definition 1.6. The dynamical system (Zp, u, f) is called minimal if S =0 or S =Z,,
whenever is S a closed invariant set, or equivalently, every orbit Orb ¢(x) = {f"(x)|n €
Z} is dense in Zp.

Definition 1.7. A function f : Z,, — Z,, is said to be bijective modulo p", where n is a
positive integer if for arbitrary x € Z,, the elements x, f(x), ..., fP"~Y(x) are represen-
tatives of distinct classes of Z, [ p"Z,,.

Definition 1.8. A function f :Z,, — Z, is said to be transitive modulo p" if it is bijective
modulo p™ and the set x, f(x),..., fP"~1(x) is composed of only one cycle. In other
words, fP"(x) =x (mod p™), but " (x) #x (mod p"), forall r < p™.

We recall that in [2, Theorem 1.1.] and [3, Proposition 4.35.] it is proved that a 1-
Lipschitz measure preserving function is ergodic if and only if it is transitive modulo
p" for every positive integer n. Some equivalent definitions of 1-Lipschitz measure
preserving and ergodic functions are presented in [2], [1], [3], and [5].
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Proposition 1.1. Let f : Z, — Z, be a polynomial. Then (Z,, f) is minimal if and only
if (Z/p°Z, f)5) is minimal, where 6 = 2, if p >3 and 6 = 3, if p € {2,3}.

Proof. See [5]. m]

In [5] it is proved that the 1-Lipschitz function f : Z, — Z,, is minimal if and only if
it is ergodic for Haar measure.

We recall the Van der Put representation for functions on Z,, (see [7]). If the p-adic
expansion of the positive integer k is given by

S
k=Y kip', 0<ki<p, ke#0,
i=0

then we define g (k) = kyp°.
For every function f : Z, — Z, we define the coefficients

Bk:{f(k), ke{0,...,p—1};
J(k) = f(k=q(k)), k=p.

In this way the function f can be represented in the so called Van der Put basis as
follows

FOx) = Bix (k.x),
k=0

where if k > 0,

_[ L =kl < prllosp ki
x(k,x) = { 0, otherwise.
For k = 0 we haVe
1, xspTh
x(0,x) = { 0, otherwise.

A function f : Z, — Z, is said to be uniformly differentiable modulo pk if there
exists a positive integer N and a function dy f : Z,, — Q,, such that for all » > N and
h € Z,, we have

flu+p™h) = f(u)+p hop f(u) (mod p**"),YueZ,.

The smallest integer N satisfying this property is denoted by Ny (f). In [3, Proposi-
tion 3.41.] it was proved that if f is 1-Lipschitz , then 0y f takes its values in Z,,.

2. ERGODIC UNIFORMLY DIFFERENTIABLE FUNCTIONS MODULO p ON Zp

Theorem 2.1. Let f be an isometric and uniformly differentiable function modulo p on
Zp, where Ni(f) = 1. Then, f is ergodic on Z,, if and only if the following conditions
are satisfied:

(1) f is transitive modulo p.

(2) For every positive integer k, fpk (0)#0 (mod p
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(3) For every positive integer k,

W =1 (mod p)

Proof. Conditions (1) and (2) are obviously necessary. According to [3, Proposition
4.35.] it suffices to prove that for every fixed positive integer k, if f is transitive modulo

p*, then it is transitive modulo p**! if and only if
pr-1
l_[ B, pk
I 1 (modp). @.1)
(ph)P*

Namely, it suffices to prove that if f Pt (0) #0 (mod p**!), then (2.1) holds if and
only if forevery l € {2,...,p—1}, fll’k(O) #£0 (mod p*+1).

Assume that f is transitive modulo p* for some arbitrary and fixed k > 1. Let
{t0,..,1,k_1 } be representatives of kap—cosets such that £(#;) = t;41 (mod p*), for
0<i<p*-2and ftp_y) =t (mod 7*). We may choose

{t0,.. tpe_1} ={0,...,p" =1} (2.2)

Our first task is to prove that for all [ € {1, ...,p—l}andse{O,...,pk—l}

k Jtpr_; 1)
FPH0) = iy 1>+Z = ]—[Btpk_j+pk
j=1
_ (2.3)
flp 5= 1(0)—l kg 1s+1 ol
ey HB,pk_jﬂ,k (mod p**").
j=

We know from [6, Formula (4.3)] that for all j < p*, re {1,...,p—1},

B pk =B,k (mod pk+1). Tt follows that

j+rp

k k P =100y —¢ i _
f7770) = f(f1P “(0))=f(tpk_1+p"f (,1 LSy
p

k
FPH0) =1y
= ftpe )+ o L B, o +pk (mod prh.

Hence, (2.3) holds for s = 0. Assume it is true for some s € {0, ..., p* —2}. Applying
[6, Formula (4.3)] we get

SIS 2(0) 1 gy

FPESTH0) = P 20) = f 1o+ P o )
S 2(0) =
= f(tye_s_0)+ o P 2B,pk7s72+pk (mod p**).
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Hence, (2.3) becomes

el (t k—_j— 1)

£7(0) = f(tk1)+z Pz HB ek

J:
flp —s—= 2(0)_tpk—s—2 s+2

k+1
pk(S+2) l—l Blpkfj_'—pk (mOd p )
J=1

Then, (2.3) holds for every s € {0,..., pk —1}.

Now, for/ =1and s = pk -2, (2.3) takes the form

k_p
k Ipk—i— k
FP0) = Fltpe )+ Z Syt 2ty ﬂszk_,.+pk

1:1 p j=1

f(O)—t1
PR(PE=1) l_l Biys_yept (mod i)

= ftpr_y)+ Z f(t k_lp;j l_lB,pkin,k-

i=1 Jj=1
On the other hand for [ > 2 and s = p¥ -2, (2.3) takes the form

[pk—j— — 1tk i
fir* (0)—f(tk1)+Zf( pij o

i=1 j=1

_ k pk-1

SUDP0) —1y e+l

+ pk(pk—l) l_l Btpk7j+pk (mod p*™).
Jj=1
Applying the same techniques as above we get

, a-np* g ko
FU=DPEL () g, f(0+Pkfp—k())— fO)—1+ —()Bp
pk(p-1) pk(pE-1) pkp*-1)

Therefore, applying (2.2), (2.3) becomes

- ph—i- pk_i d
F1P5(0) = flt, 1>+Z Mty [ 180,

i=1 Pt j=1
_1)pk sy PR

FU=Dr% () fal

t— B px (mod p*™").
pkr j=0

Then, (2.4) yields
(I-1)p*
K f (0)
£y = PO+ e 1_[ jept (mod p**).
J=0
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Replacing / by [ -1, then [ -1 by [ —-2,...gives

o1 I-1

pr-1
n Bjspr 1_[ Bjspr

Ipk _ op¥ Jj=0 j=0
fP(0)=fP (0) 1+—pkpk +...+ -

pkp

We conclude that if 7 g (0) #0 (mod p**'), then (2.1) holds if and only if for every
le{2,....p—1}, FIP°(0) #0 (mod p**"). O

Remark 2.1. Notice that for any analytic function f we have B‘p*—fk = f'(i) (mod p*),
for every positive integer k and every i € {0, ..., p¥ — 1}, because

fa+p") = f@O+p*f (i) (mod p**).

2.1. Ergodic rational functions on Z;

In the following corollaries we study ergodic rational functions R = g on Z3 where
the numerator P is not an ergodic polynomial. We study cases where the denominator
is always a unit. Without loss of generality we may assume that P(0) = Q(0) = 1.

Corollary 2.1. Let P be an isometric polynomial on Z3. Assume that P is transitive
modulo 3, P(0) =1,
P3(0)=0 (mod9)
and
P'(O)P'(1)P'(2) =1 (mod 3).

P
Then, R = é is ergodic if the following conditions are satisfied

(1) O(Z3) € 1+3Z3,
(2) Q'(x) =0 (mod 3), for every x € Z3,
3) (1) #1 (mod?9),

@) P3(0)+P3(3)+P3(6) +2P'(2) (

1 1 1
omtomtom ‘3)

+P ()P (2) (Qéo) + £0 (mod 3%).

1 1
OREIO) ‘3)
Proof. See [9]. O

Example 2.1. Let P(x) = 3x> +x + 1. This is an isometric polynomial, transitive modulo
3, and it satisfies the conditions
@ PO)=1,
(i) P3(0)=0 (mod9),
(iii) P’(0)P'(1)P’(2) =1 (mod 3).
3x2+x+1

O(x)

polynomial Q(x) satisfies the following conditions:

According to Corollary 2.1, the function would be an ergodic function if the
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(1) Q(Z3) € 1+3Zs,
2) Q'(x) =0 (mod 3) forVx € Z3,
3) 0(1) qtl (mod 9), and

4 9-

+ 10( £0 (mod 27).

1 1

oM+ o Q(7)) o to® Q(6))
One of the polynomials that satisfy these conditions is Q(x) = 3x> + 1. So, the function
R(x) 32 +x+1

X)=——F—
3x3+1
Corollary 2.2. Let P be an isometric polynomial on Z3. Assume that P(0) =1, P is
transitive modulo 9, but not modulo 3°.

is an ergodic function.

P
Then, R = é is ergodic if the following conditions are satisfied

(1) 0(Z3) € 1+325,
(2) Q’(x) =0 (mod 3), for every x € Z3,
B3) o(H)=1+PQ)P'(2)+P(1)-2 (mod?9),

@) 2P'(2) (Qh) T . —3)+P’(1)P’(2) (Q(lo) T —3) £0 (mod 3).

Proof. See [9]. O

2.2. Ergodic rational functions on Zs

Corollary 2.3. Let P(x) = apx" +a,_1x" ' +...+a1x+1 be an isometric polynomial on
Zs. Let t; be representatives of 5Zs-cosets such that P(t;) = t;+1 (mod 5) and P(t4) =
to =0 (mod 5). Assume that

P3(19) =19 (mod 25)
and
P’ (1) P'(t1)P' (1) P’ (t3) P’ (t4) = 1 (mod 5).
P
Then R = a is ergodic if the polynomial Q (x) satisfies the following conditions
(1) Q(Zs) € 1+5Zs,
(2) Q' (x) = O (mod S), for all x € Zs,
(3) :4( g )) +13 P (z3)(1 - )) +t2P’(t3)P'(t2)( mt )) +0 (mod 25).

Proof. See [11]. ]

Remark 2.2. Let P(x) = apx™ +an_1x" ' +...+ax + 1. If we introduce the notation
Z ai:Al’ Z ai:A29 Z ai:A:’M Zai:A49
iel+4N 1€2+4N 1€3+4N i€4N

then, according [4, Proposition 4.2], we have six classes of transitive polynomials mod-
ulo 5. Hence, the third condition from the previous Corollary for all six classes , can be
written in the following way:
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+3P/ (3)(1—w)'+2P'(2)P’(3)(1—%) £0 (mod 25),
AQE R A3_0 1 A4EO (modS)
+4P’(4) 1- +2p' (2)P’(4)(1—m £0 (mod 25),
i A4=0 (mod)5),
+3P'(2)P (3)(1—m £0 (mod 25),
i A4=0 (mod)5),

.z ) )
o) |
S | 43P G @1 5) £0 (mod 25),
o) )
@) o)

@
e

o(
A3=3

1
(
1
( )

\_/

(1)
i A4=0 (mod)5),
1

+4P' (2)P' (4)(1—m £0 (mod 25),
i Ay=0 (mod)5),
+4P'(2)P' (3)(1 -

3 i A4=0 (modS)

—— | +3P'(2)[1- #0 (mod 25),

i
(
4p/<4>(l
(
(

o(1)

Example 2.2. Let P(x) = 2x7 +3x% + 5x° + 5x* + 3x3 + 2x% + x + 1. This is an isometric
polynomial, transitive modulo 5 and it satisfies conditions

(i) P(i)=i+1forallie{0,1,2,3,4},

(i) P3(0) =0 (mod 25),
(iii)) P/(O)P' ()P’ (2)P'(3)P’'(4) =1 (mod 5).

P
The function R = a would be ergodic if the polynomial Q(x) satisfies the conditions of
Corollary 2.3. One of the polynomials which satisfies these conditions is
Q(x) = 10x* + 5x + 1. Hence, such a function R(x) is ergodic.

The next result is in the case when the numerator is not transitive modulo 5.

Corollary 2.4. Let P be an isometric polynomial on Zs. Assume that P is not transitive
modulo 5 and let 2 <i < 4 be a fixed number such that

i) P(k)=(k+1)i (mod5),0<k <4and
(i) P’(O)P'(1)P'(2)P'(3)P’'(4) =i (mod 5).
P
Then R = é is ergodic if the polynomial Q(x) satisfies conditions

(1) Q(Zs) Ci+5Zs,
2) o (x) 0 (mod 5), for all x € Zs,

3) 1+Zl4 s I_IP’(t5 ) #0 (mod 5), where Iy, € {0, ..., 4} satisfy
s=0 j=1
P(K) = (k+1+51)0(k) (mod 25).

Proof. See [11]. m]
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3. ON SOME CLASSES OF 1-LIPSCHITZ MEASURE PRESERVING ERGODIC
FUNCTIONS ON Z,,

Lemma 3.1. Let f be a 1-Lipschitz measure preserving function on Z,. Assume that f
is transitive modulo p and satisfies

Bk = 1B, i (mod p**'), Vk > 1, Vie{l,...,p—1}, Vi< pF, (3.1

where ig € {0,...,p— 1} is a unique integer depending on i and satisfying
i=ip (mod p). Then,

(1) foreveryx € Zp, 1 €{1,...,p—1} and k > 1,

f+1p*) = f(x)+1B,, px (mod p**h), (3.2)

where xg € {0,...,p — 1} is a unique integer depending on x and satisfying x =
xo (mod p),
(2) foreveryx € Zp, l€{1,...,p—1} and n,k > 1,

n k n p_lBi+p"’ o m+s_lByl+p k+1
fratiph) = 1 (x) +1 1_0[ o [ — i |Pt (mod pt. 33

i=s

where the sequence (y;); is such that {y;,i >0} ={0,...,p—1}, yo=0and y;+1 =
f (@) (mod p), for every nonnegative integer i. The numbers s,m € {0,...,p—1}
are such thatm =n (mod p) and x =y, (mod p). The second product is taken to
be equal to 1 if m = 0.

Proof. See [10]. ]

Theorem 3.1. Let f be a function satisfying the conditions of Lemma 3.1. Then, under
the notation of Lemma 3.1, f is ergodic if and only if the following conditions are
satisfied

p-1

B, «
(1) 1_[ “P =1 (mod p).Vk > 1,
i=0 P
= By+p LB By, ip
@) > =~s,, ¢Z]—[ =Ly, (mod p?),
s=0 t=s+1 s=0 t=s
and
-1 p-1 k-1
Z l_l y:+P k—lB +Z k-1-1 Z B
y_y p m
s=0r=s+1 =1 me{pl ’’’’’ pl+1_1}

m=ys (mod p)
-lp-1p

p _
¢Zl_l yt+p (E(p—l)+ys)pk U (mod p**"), Vk > 2.

s=0 t=s
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Proof. Since f is transitive modulo p, it can be easily seen ( [9]) that f is ergodic if and
only if
FIP0) 20 (mod p**Y), Vk>1,Vie{l,...,p—1}.
Following the steps made in the proof of [9, Theorem 2.1], we can see that for every
le{l,....,p—1}and k > 1,

pk_lB K pk_lB k o
k k j+pk i+
oy =)+ %+...+ [] %
J=0 J=0
Hence, f is ergodic if and only if for every [ € {1,...,p—1} and k > 1
£P5(0) £0 (mod p**h), (3.4)
and
il B,
[ |25 =1 (modp). (3.5)
=0 P

We first prove that (3.5) is equivalent to condition (1). According to (3.1), identity
(3.5) is equivalent to

p=lp. g
J+: =1 (mod p).
=0 P
Since
p-1
p_l Bi+Pk
B2 =1 (mod p),
j=0 P
then, (3.5) is equivalent to
bl (p=1)(1+...+p*2)+1 ool
j+p* Bjipr
ﬂ—k = 2 (mod p)=1 (mod p), Yk >1.
=0 P =0 P

It remains to verify that (3.4) is equivalent to condition (2).
By induction on k > 1 it can be seen that

>, fm =p"‘1Byx+§p""“ > B (3.6)
I=1

me{0,...,p*-1} me{pt,....p"*-1}
m=ys (mod p) m=ys (mod p)

On the other hand it can be easily seen that

> m=(Em-n+y)pt" (mod ph. (3

m=ys (mod p)
If we prove that for every k > 1,
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p-1 p-1 p-1lp —1

mo=>T] Byp—k" > (m)Z]_[ Byt >0 m(mod pt*),

s=0 r=s+1 me{0,...,pk-1} s=0 =5 me{0,...,pk-1}
m=ys (mod p) m=ys (mod p)
(3.8)

then condition (2) can be obtained by a combination of (3.4), (3.8), (3.6) and (3.7).
We first consider the case when k = 1. Formula (3.3) yields

fPO) = P (f(0) = P (yi+ £(0) = y1)

P_lB N
= 7 00+ O =30 [ [ 22 (mod ), G2
t=1

In a similar way, for every r € {1,...,p -2},

FP ) = 7T )+ (FGr) = ) ]—[ 1;“’ (mod p?).  (3.10)

t=r+l1

Combining (3.9) and (3.10) gives

FP(0) = f(yp- 1)+Z(f(yr> Yri1) ]_[ y;" (mod p)

t=r+1
-1p- 1
—Zoﬂl Byw () - le—[ Bysr  (mod p?).
r r r

Let k > 2 be such that f is transitive modulo p*. Proceeding as in the proof of
[8, Theorem 2.2], we put i} = (- pk) (mod p**1), for j € {0,...,p—1} and s €

{0,....,pF 11}, where {i% ,JG{O .p—1}se{0,....pF =1}y ={0,...,pF -1}
Let {s1,...,sp-1} = {1,. ..,p—l}besuchthat
“0) = 51p " (mod p*), (3.11)
and fori € {1,...,p -2},
P (sip* ) = sip"! (mod ph). (3.12)
It is clear that -
fP (spa1p* ) =0 (mod p*). (3.13)

Combining (3.3), (3.11) and condition (1) gives
FPEO) = T () = T (s p R P (0) =1 pR )
= fP D (sip* ) + P (0) —s1ph! (mod pFHY).
Similarly, combining (3.12) in a recursive way with (3.3) and condition (1), we obtain

. k-1 _ k-1 —
FPEO) = 7 (spap T+ 7 (spapt T
—spa P L+ P (0) =51 pFTt (mod pFtY)

p-1 . p-1
_1 o o
= pr (13) - Zz? (mod p**h).
70 70

(3.14)
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For every j € {0,...,p — 1}, since i} =1 (mod p), an application of (3.3) and con-
dition (1) gives

PO = PN ) - i) o
P_lB Lk (3.15)
k—-1_ . . . t k ’
= P (A=) [ % (mod p**").
t=1
In a similar way, for all r € {1,..., pk=1 =2},
pk_l—r Ty — pk Lpr—1r+1 r r+1
Uy = f AR AR AL .
LR 1 1 g k+1 (3.16)
= U+ (P - i 1_[ - (mod p**).
t=r+1
Combining (3.15) and (3.16) we obtain
k 1_2 k 1 1
-1 . =
PO =@+ Z (fG =i 1‘[ = (mod p**).
t=r+1
Therefore,
p-1 p-1 " 1 2pk 1 1
k-1, . t+ r
Wi (18>:Zf<z§’ i+ Z [ Doceph Zf(z)
j=0 i r=0 t=r+l
-1_p pk-1 -1 p -1
_ Z l_[ )’t+l’ Z ;+1 (modpk+1).
r=0 t=r+l Jj=0

Since for all r € {1,..., p*" —2},j€{0,...,p—1},i;:yr (mod p), we get

kllpkll

xR
pr (@) = Z [ ”;” D)
j=0

= t=r+1
pkfl_lpkfl_lB p—l
Y,

_ Z 1—[ ;Zpkziﬁ (mod p*+h

r=1 t=r j=0

LN fm)

s=0t=s+1 p mE{O ,,,,, Pk_l}

k
YI"I;P Z m (l’l’lOd pk+1)’

s=0 t=s me{0,...,p*-1}
m=ys (mod p)
m#0 (mod p*)

where the latter equality follows from the properties of the sequence (y;); and condition

(D).
Hence, (3.14) yields (3.8). m]
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Corollary 3.1. Let f be a 1-Lipschitz measure preserving function on Z,. Assume that
f is transitive modulo p and satisfies

Biypr =1p* (mod p**™"), Yk > 1, V1€ {1,...,p—1}, Vi< p*. (3.17)
Then, f is ergodic if and only if

p-1 k-1

k-1 k-1-1
2P Bk )
m=0 =1

Proof. See [10]. O

1+1

_1 k
D Bm;e%(p—l) (mod p**1), Vk>1.  (3.18)

m=p!

P
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